STATE SPACE ANALYSIS



Introduction

State space analysis is an powerful and modern approach for the design
and analysis of control systems.

The conventional or old methods for the design and analysis of control
systems is based on transfer function method.

The transfer function method for design and analysis had many drawbacks
such as..

— Transfer function is defined under zero initial conditions
— Applicable to LTI systems
— SISO systems

— Does not provide the information regarding internal state of
the system

Initial conditions can be incorporated in the system design

State equations are highly compatible for simulation on analog or digital
computers



Advantages of state variable analysis.

This can be applicable to

* Linear systems

* Non-linear system

* Time variant systems

* Time invariant systems

 Multiple input multiple output systems

* This gives idea about the internal state of the
system



Concept

Input Output
P SYSTEM P

r(t) y(t)

The output not only depends on the input applied to the
system for t > t,, but also on the initial conditions at time t = t,

y(t) =y(t) | 0 + V()| 210
t
=/, y(®)+ f y(©)
=y(ty) + f (t)
The term y(t,) is called the state of the system.

The variable that represents this state of the system is called
the state variable



Definitions

State: The state of a dynamic system is the smallest set of
variables called state variables such that the knowledge of
these variables at time t = t_ (Initial condition), together
with the knowledge of input for t > ¢,, completely
determines the behavior of the system for any time t > ¢, .

State Variables: A set of variables which describes the
system at any time instant are called state variables

State vector: A vector whose elements are the state
variables

State space: The n-dimensional space whose co-ordinate
axes consists of the x, axis, x, axis,.... x,, axis, (where x, , X,
,--... X, are state variables:) is called a state space.



lllustration

Consider the circuit shown in figure

i(t)
i(t) = C d‘;ift) >
V(t) == [° i(®)dt T
= % [ i(dt + % ftz i(t)dt

=V (tg) + V.(t)
V_(t,) = initial voltage across capacitor

The voltage across capacitor can be taken as a
state variable



Consider the circuit shown in figure

di(t) )
dt

(1) == [ Vi(t)dt
1 rt, 1 ot
= J2° Vi(t) dt+ - fto V,(t) dt

=V, (t,) + V(t)
V|(t,) = initial voltage across Inductor

Vi (t) = L

L VL(t)

The current through inductor can be taken as a
state variable



State Model

consider a multi-input & multi-output system is having

m inputs u, (t), uy(t) ... u,(t)
p outputs Va(t), ¥o(L) ey, (T)
n state variables  x,(t), x,(¢t),......x, ()
u;&ti - ‘l’,{[t}:l
ST conmotsysem [ V2L U ontrol em Y
u, (t) — — vp’t! I:> e :>
x,(t) x(t) x (t]
X
The different variables may be represented by the vectors as shown below
U (0)] Y1 (D]
Input vector U(t) = uz(t) ; Output vector Y(t) = y2(0)
Uy, (1) Lyp (1),
X1 (D]
X,(D)

State variable vector X(t) =

_xn. (lt)_



State Equations

The state variable representation can be arranged
in the form of n number of first order differential
equations as shown below:

dx :

- =X = fL(Xy, %5, X, ;
dx :

T =X = fL(Xy, %5, X, ;
dx

dt

b =X, = fL(X, %5, X

Ug,Uy.....U
Ug,Uy.....U
Ug,Uy.....U

In vector notation, X(t)= f(X(t),U(t))
Similarly the output vector Y(t) = f(X(t),U(t))



State Model of Linear System

The state model of a system consist of state equation and output
equation.

The state equation of a system is a function of state variables
and inputs.

For LTI systems, the first derivatives of state variables can be
expressed as a linear combination of sate variables and inputs

X1 = Ay Xy+a X, +----+a, X, + b u+b,u,+-—--+b, u

X, = @y1Xy+a5, X, +----+a, X + b, u +b,,u,+---+b, u

Xp= anlxl-l-an2X2+""+anan + bnlu1+bnzuz'l_-"-l-bnmum

where the coefficients a; and b; are constants



n the matrix form,
X1] 11 A1) [%1] [byg by [H17
X2 dyr e Ay %2 b, bom | | Y2
= +
'Xn' dpp 7t dAppt BX- 'bnl bnm' U
X(t) = A X(t) + B U(t)......... state equation

where, A is state matrix of size (nxn)
B is the input matrix of size (nxm)
X(t) is the state vector of size (nx1)
U(t) is the input vector of size (mx1)



Output equation

The output at any time are functions of state
variables and inputs.

output vector, Y(t) = f(x(t), U(t))
Hence the output variables can be expressed as a
linear combination of state variables and inputs.
Y1= Cy X +C,X+---—+Cy X + du +d U +-—-+d U

Y, = Cp1 X +CyXyH-—=-+Cy X + dy U +d,,Uy+---+d, U

Yp = CprXgHCppXo+----+Cy X, + dj Us+d U +---+d U

where the coefficients ¢; and d;; are constants



In the matrix form,

_yl_ _C11 C]_n_ -Xl_ d11 dlm_ _ul_
3’2 C21 CZn XZ d21 dZm u,
= +
LY - Co1 7 Con- X" -dpl T dpm' “Upy-
Y(t) = C X(t) + D U(t).............. output equation

where, Cis the output matrix of size (pxn)
D is the transmission matrix of size (pxm)
X(t) is the state vector of size (nx1)
Y(t) is the output vector of size (px1)
U(t) is the input vector of size (mx1)



State Model

X(t) = A X(t) + B U(t)
Y(t) = C X(t) + D U(t)

y

D

1

_'.il'f

% x(1)

% yi) U(t)

A

< ‘

state equation
output equation

B Xy ] xp

ﬁ’ﬁ‘
>

—




Selection of state variables

* The state variables of a system are not unique.
* There are many choices for a given system
Guide lines:

1.

For a physical systems, the number of state variables
needed to represent the system must be equal to the
number of energy storing elements present in the system

If a system is represented by a linear constant coefficient
differential equation, then the number of state variables
needed to represent the system must be equal to the
order of the differential equation

If a system is represented by a transfer function, then the
number of sate variables needed to represent the system
must be equal to the highest power of s in the
denominator of the transfer function.



State space Representation using Physical variables

* |n state-space modeling of the systems, the
choice of sate variables is arbitrary.

* One of the possible choice is physical
variables.

* The state equations are obtained from the
differential equations governing the system



State Space Model

Consider the following series of the RLC circuit.
It is having an input voltage v.(t) and the current
flowing through the circuit is i(t).

i(t) R L

vi(t) vo(t) ~C




* There are two storage elements (inductor and
capacitor) in this circuit. So, the number of the
state variables is equal to two.

* These state variables are the current flowing
through the inductor, i(t) and the voltage
across capacitor, v (t).

* From the circuit, the output voltage, v,(t) is
equal to the voltage across capacitor, v (t).



Y(t) = vp(t) = v (t)
Apply KVL around the loop,

Vi(t) = Ri(t) + L2+ v (1)

i(t) =

The voItage across the capacitor is

v(t) =% [i(Ddt

Differentiate the equation with respect to time,
v ( t) dv (t) _i®

C

di (t)

= - Zi(t) - T v(t) + 7 V(1)

O - di(t) |
1(t . . : s | dt

v.(0) Differential state vector, X = av (9
| dt |

State vector, X = [




Arrange the differential equations and output equation into standard
form of state space model as,

[ di(t) ] [-R —1 ( )
lat | L T 1(t
X = dv.)| |1 0 V (t )] + [L] vi(D)]
| dt | C i

) 10
=10 11|,

X(t) = A X(t) + B U(t)
Y(t) = C X(t) + D U(t)

R4 1
Here A = I{ Lt B=[_]; C=[0 1]; D=]0]
C 0




Problem

Represent the electrical circuit shown by a state

model
Ll’- Lz

— Ty ;
¥ |
,)C_-B - _l




Solution

Since there are three energy storing elements, choose
three state variables to represent the systems

The current through the inductors i,,i, and voltage
across the capacitor v, are taken as state variables

Let the three sate variables be x1, x2 and x3 be related
to physical quantities as shown

Let, 1;=Xy,

I, = X2'

V.= X3




Applying KVL to loop 1,

1

- — u(t)------- (1)

Ly

L2 4 Ry () + u(t) = v(t) = 0
= L7224 Ry () + u(t) - x5(t) =0
= L X (t) + Ryx(t) + u(t) —x5(t) =0

: R 1
= X%i(t)= -t ()
Applying KVL to iloop 2,

L, 22 4+ Ry (t) = v(t) = O

= L7224 Ryx(t) — x5(t) = 0

= L, X,(t) + Rx,(t) = x5(t) =0

: R
= %)= -2+

1

L,

X5(t)



Applying KCL at node v (t),
4 (1) +i(t) + € 2

= Xl(t) + x,(t) + C

This is State Equation

dx (t)

X3(1)

R, 17
X4 (1)] L, 0 L,
X(0]=1 0 —% Li
X3(t)] R S
¢ "¢ W

=0
=0

x,(0] [-L

X, (O [ + ()L1
0

[u(®)]




y(t) = Rziz(t) = szz(t)

_X1(t)_
y(t)=[0 R, 0] [x,(t)
X3(t)

This is output equation




Problem

Obtain the state model for a system represented
by an electrical system as shown in figure

R R
T_M WW- T+
u(f) ¢ C )

| ;-




Solution

Since there are two energy storage elements
present in the system, assume two state
variables to describe the system behavior.

Let the two state variables be x, and x, be
related to physical quantities as shown

R Vl(l) R Vz(i)

letvy(t)=x,(t) T ] [
V,(t) = x,(t) () A T
4




Applying KCL at node v,(t),

v(O-u®  ~dv,(® v, (0-v,® _

= + C -t = =0
— X, (H)—u(t) + C dx, (t) N X, (0)—x%,(D) -0

R dt R
— O u® - X4 (t) - (t) =0

R R
: 2x (t t t

= %(t) = - 222 50, “R(C) ------------



Applying KCL at node v,(t),
c (0 v,(O-v,(©) _

dt R
— C dx, (t) N X,(0—x, (D) _
dt R

X,(t)
R
x,(0) x,(0)

= XU 2o Re

= Cx,(t) -2+

0

0

=0



putting 1 and 2 in matrix form,

b o [ M o

RC  RC.
This is the state equation

The output of the circuit is given by
y(t) = v,(t)

= X,(Y)
x1(t)

=10 1] lxz(t)

This is the output equation



Problem

Represent the electrical network by a state
equation

20 X A
——

300N

— AW
')d'l? m 20 m x(t) A~
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LA\

201
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State representation using Phase variables

* The phase variables are defined as those particular
state variables which are obtained from one of the
system variables and its derivatives.

e Usually the variables used is the system output and
the remaining state variables are then derivatives of
the output.

* The state model using phase variables can be easily
determined if the system model is already known in
the differential equation or transfer function form.



Consider the following nt" order linear differential equation relating the
output y(t) to the input u(t) of a system.

dn y dn—ly dTl—Zy dy
qo T Mgt YA g vt Ay T ARy = U
Let us define the state variables as
X1=Y
d dx
x2 = —y = —~1
dt dt
_dly _dy_dx,

X3= 42 " at . dt

n-1

‘= d"ly _ dx,_,

nToavt T dt
From the above equations we can write

X1= %,

Xy = X3

).(n—l = xn

X, + A X, +..ta, X, +a, X, =U



writing the above state equation in vector matrix form,
X(t) = AX(t) + Bu(t)

W] [0 0[] [0
X2[2| O 0 11%2 ]+ 2]
x| |—an - —allx,] |1

Y(t)=CX(t)=[100..]




Problem

Construct a state model for a system characterized
by the differential equation,

d—+6—+ 11—+6y+u—0
Also give the block diagram representation of the
state model

Solution: Let us choose y and their derivatives as
state variables. The system is governed by third
order differential equation, so the number of state
variables required are three.



Let the state variables x,, x, and x; are related to
phase variables as follows.

X; =Y
dy .
_d’y dx, .
X =—=X,
37 4 dt
d d’ d’
Puty=x1,d—}t’—x2,d—y—x3and y—X3|nthe

given equation
S Xt 6X3 + 11x, + 6x, +u=0
= X3= - 6X- 11x,-6%5 - U



The state equations are

Xq = X,
X, = X3
X3= - 6X;- 11X,-6X5-U

Arranging the state equations in the matrix form,

x| [0 1 O 1xXq7 [ O
Xz =10 0 1 [X2]+ 0 [U]
X;l -6 —-11 -—-61x;1 1-1.
Here y = output

Buty =x,

X1
- The output equationis y=[1 0 O] [Xz]
X3



The block diagram for the state model is

X3 =%y




Problem

Represent the differential equation given below
in a state model

d’y d?% dy _
3 + e +6 m +7y = 2u(t)

Solution:
Since, the given equation is a third-order

differential equation, choose three state
variables to represent the system



Let y(t) = x,(t)
y(t) = x,(t)
Y(t) = X3(t)

where x,(t), x,(t), x5(t) are the state variables of
the system.

y(t) = x,(t)
y{t) =x,(t) =x,(t)  ----mmmmeev (1)
y(t) = x5(t) = x,(t) - (2)



From the given diff. equation

d3y d%y

y(t)+y(t) + 6y(t) +7y = 2u(t)

X4(t) + X5(t) + 6 X,(t) + 7 x4(t) = 2u(t)

X45(t) = -7 x,(t) - 6 X, (t) - x5(t) + 2u(t) ------ (3)
LU =%t 0 2)
(=%t (1)




Putting the above equations in matrix form,
X, | [O 1 0 1rX:1 [O]
0 0 1 X>1+ 1|0 U(t)
X;1 1-7 -6 —-11Xx31 12
This is the state equation

. <.
N
I

The output expression is y(t) = x,(t)

=[1 0 0] |x,

This is the output equation



Problem

Obtain the state model for the signal flow graph
given below:




Problem

Obtain the state model of the system whose transfer

Y(s) _
function is given by U(s) 5919574265424

Solution:
Y(s) _ 24

U(s) s°+9s2+26s+24

Cross-multiplying yields

[s3 + 9s? + 26s + 24] Y(s) = 24 U(s)

s3Y(s) + 9s?Y(s) + 26sY(s) + 24 Y(s) = 24U(s)

Taking inverse Laplace transforms,

d’y(t) d’y(t) dy() _
T +9 e + 26 ——= + 24 y(t) = 24u(t)

y(t) + 9y (t) + 26y(t) + 24 y(t) = 24u(t)




Choosing the state variables as successive derivatives
X;(t) = y(t)
X,(t) = y(t)
X3(t) = y(t)

X(t) = y(t)

()=t =y0) (1)

%) =x,(t) = Jlt) (2)

X3(t) = y(t)

y(t) + 9y(t) + 26y(t) + 24 y(t) = 24u(t)

X3(t) + 9x5(t) + 26x,(t) + 24x,(t) = 24u(t)

X5(t) = - 24x,(t) - 26x,(t) - 9x5(t) + 24u(t)------ (3)



Putting equations 1, 2 and 3 in matrix form,

0

¥l [0
=] 0
%, (24

1
0
—26

0 'X1'
—90 | —X3—

The output expression is y(t) = x,(t)

=[1 0 0]

0

124

[u]



Matlab

Obtain the state model of the system whose
Y(s) 24
U(s) S°+95°+26s+24

transfer function is given by

using Matlab

» num=[24];
»» den=[19 26 24,
»» [A,B,C,0] = tf2ss(num,den) o



Problem

Obtain the state model of the system whose transfer function is

: Y(s) _ 1
given by U(s) s%+s+1
Solution: LG p—

U(s) s’+s+1

= (s2+ s+ 1)Y(s) = U(s)
s2Y(s) + s Y(s) + Y(s) = U(s)
Taking inverse Laplace transform on both sides,

d’y(t) L Iy®

Let y(t) = x4
dy(t) _

- =X, =X;and u(t) =u



nen the state equation is, X, = -x;-X,+u

The output equation is, y(t) =y = x,

The state space model is
S 5 R R [ W1

=11 0] [

X9



Problem

Obtain the state model of the system whose

L. S°+7s+2
transfer function is given by ——
S°+9s“+26s+24

Solution:
Y(s)  s*47s+2
@  $3+952+265+24
Y(s) _Y(s) . C(s)
U(s) C(s) U(s)
Y(S)
c(s)

SON t
U(s) s349s%426s+24 (2)

=s’+7s+2 - (1)




C(s) _ 1
U(s) s3+9s?+26s+24

Consider equation (2),

Cross-multiplying on both sides,
[s3 + 9s2 4+ 265 + 24] C(s) = U(s)
s3 C(s) + 9s4C(s) + 26s C(s) + 24 C(s) = U(s)

Taking inverse Laplace transform,

dlct(:st) +9 dilct(zt) +26 d;it) +24 C(t) = u(t)
C (t) + 9 ¢(t) + 26 ¢(t) +24 c(t) = u(t)

X, (t) = c(t)

X1(t) =x,(t) =clt) - (3)
) =x(t)=c(t) - 4)

X3(t) = C(t)



C (t) + 9¢(t) + 26¢(t) + 24c(t) = u(t)
X5(t) + 9 x5(t) + 26x%,(t) + 24x,(t) = u(t)

X3(t) = - 24x,(t) - 26x,(t) - 9 x5(t) + u(t) ---—-- (5)
Putting equations 3, 4 and 5 in matrix form,
x| [ O 1 0 1rX11 [0
0 0 1 X, +|0][u]
X3l =24 =26 —-91IX31 11,

[ ] x.
DO
]




Consider equation (1),

Y(S) _ 2
C(S)—s + 7s + 2

Y(s) = [s* + 7s + 2]C(s)

Y(s) = s?C(s) + 7sC(s) + 2C(s)
Taking inverse Laplace transform,
y(t) = ¢(t) + 7¢(t) +2c(t)

y(t) = 2x,(t) + 7x,(t) + x5(t)

y(t)=[2 7 1] [x;




Matlab

Obtain the state model of the system whose

L S°+7s+2
transfer function is given by ——
S°4+9s“+26s+24
Matlab

using

> mum=[L F 27 :
== den=[1L 9 2Z2& 2a7] ;
== [A,.B T .7 = tTtfFZ=ss{rnum,.d=rmn)

o =
—= = — 2

= (=]
a (=]

0k

or



Problem

A feedback system has a closed-loop transfer

: Y(s) _ 2(s+5)
function U(s) (s+2)(s+3)(s+4)
Solution:

Y(s) _ 2(s+5)

U(s) (s+2)(s+3)(s+4)

By partial fraction expansion,

@z 2(s+5) _ A . B N C
U(s) (s+2)(s+3)(s+4) (s+2) (s+3) (s+4)
Solving for A, Band C

A=3; B=-4; C=1




Ls)z 2(s+5) _ 3 ) 4 + 1 (1)
U(s) (s+2)(s+3)(s+4) (s+2) (s+3) (s+4)

3 i 4 + 1
s(1+2/s) s(1+3/s) s(1+4/s)

1 1 1
=—31—X3 -—F—x4+—3
(1+=%2) (14+=%3) (1+=*4)
S S S
1 1 1
s Y(s) = [(1+§ x2) X3 - (1+§*3)X4 (1+; 4)]u(s)
= [(1+§*2) x 3]U(s) - [(1+§*3) x 4] U(s) + [(1+§*4)]U(S)



The equation can be represented by the block
diagram as shown

Assign state variables at the output of the
integrators as shown.

At the input of the integrators, first derivative of
the state variables are present.

The state equations are formed by adding all the
incoming signals to the integrator and equating
to the corresponding first derivative of state
variables.



%
-———)(%——24 1/s
: X
__)(_{%_39 1/s
, a4

The state equations are
X,=-2X, + U

Xy =-3X, + U
X3=-4X3+ U



The output equation is

Y = 3X- 4%, + X,

The State model is given by,

—2 0 0
0 -3 0
0 0 —4

X,

13 —4 1]|x,




Matlab

Find the state model for the transfer function
2(s+5)
(s+2)(s+3)(s+4)

> mum=L2 A& ] 3
=> den=[1L 2@ 2& 247];
== [Aa,.B . . C,D]l=tFfFZs=s{nmnum,d=mn)

using Matlab

o=
—= —25 — 24
1 = =
L= a =
B =
1
=
=
{ =
L= = dAe
o =



Solution of State Equation

S-Domain:

The State equation of nt"order system is given by,
X(t) = AX(t) + BU(t);  X(0) = X, = initial condition vector
Taking Laplace transforms on both sides,
S X(s)-X(0) = A X(s) + B U(s)
X(s)[sI-A] = X(0) + B U(s) where | = unit matrix
X(s) = [sI-A]* X(0) + [SI-A]*B U(s) -------------- (1)
Taking inverse Laplace transforms on both sides,
X(t) = L't [sI-A]1 X(0) + Lt [SI-A]1 B U(s)
where L1 [sI-A]1 = @(t) = state transition matrix
[sI-A]1 = @(s) = Resolvent matrix
The solution of state equation is,
X(t) = @(t) X(0) + L™ [@(s). B U(s)]



The output equation is,
v(t) = C x(t) + D u(t)
Taking Laplace transforms on both sides,
Y(s) = C X(s) + D U(s)
From equation (1), X(s) = [sI-A]2 X(0) + [SI-A]1B U(s)
= C{[sI-A]t X(0) + [SI-A]* B U(s)}+ D U(s)
= C[sI-A]"1 X(0) + C [SI-A]*B U(s) + D U(s)
For zero initial conditions, X(0) =0
= Y(s) = C [SI-A]1B U(s) +D U(s)
= {C [SI-A]"1B +D} U(s)
Y(s)

The transfer function = U(s) - C[SI-A]*B+D



Problem

A state variable description of a system is given
by the matrix equation,

- [-1 O 1
X-[l _2]X+[O]u
Y=[1 1]X

Find (i) The Transfer function

(ii) The State transition matrix

(iii) State diagram



Solution
The state model is given by
X=AX+BU
Y=CX+DU
From the given problem,

A=rf' 0] B=B] C=[1 1]

—2
(i) The transfer function = % =C|[SI-A]''1B+D
Here D =0
X8 _ ¢ [sI-A]1B

U



skal=sfo §-[70 2]

=_S O] [1 —]

_[s+1 ]
L -1 s+2
ST = 5ocs 3 [S JI 2 S f: 1] <s+1>1<s+2>
% = C[SI-A]'B
= [1 1] [S -ll_ - S + 1] {(s+1)(s+2)} !
) {(s+1)(s+2)} 1 1] [S T S + 1] :

S = O P




Y(s) _ 1 S + 2
u(s) {(s+1)(s+2) 1 1] [ ]
_{(s+1)(s+2)} [s+3]
_ S+3
 (s+1)(s+2)
(ii) State transition matrix = @(t) = L [sI-A]*
A1 [S T2
[SIA] L] S + 1] (s+1)(s+2)
S+2 0 i
| (s+1)(s+2) (s+1)(s+2)
B 1 S+1
(s+1)(s+2) (s+1)(s+2)_




1 _
0
i (s+1)
[SI-A]! = . .
| (s+1)(s+2) (s+2).
A(t) = Lt [sI-A]?
_ 1 _
0
) (s+1)
= L 1 1
[ (s+1)(s+2) (s+2).
1 i
0
) (s+1)
=Lt 1 1
(s+1) (s+2) (s+2).

_ [ e
e—t_e—Zt e—Zt

—t

0



(iii) State Diagram:
The state equationis,
X, =-X; + u(t)
X, = Xy — 2X,

The output equation isy = x, + X,




Matlab

Find the transfer function using Matlab

»» A=[-1,8; 1, -2]:

*»» B=[1; @];

> C=[1 1];

== D=[a].;

*>> [num,den]= ss2tf{(A,B,C,D)}

»» g=tf{num,den?)

g:
s + 2

=2 + 3 5 %+ 2

Continuous-time transfter function.



Problem
The state equation of a LTI system is given as
. [0 5 1 -
X—[_l _2]X+[1] uandy=[1 1]X

Determine (i) State transition matrix
(ii) The transfer function

(iii) State diagram



Solution

From the given system,
0 5 ]
-1 =2
(i) The State transition matrix,
@(t) = L [sI-A] 2

[sI—A]=S[ ] [O _2] [1 s+2

B= [1 C=[1 1]

A=| »

S+2 5
AT s+2 5 1 _ |s(s+2)+5 s(s+2)+5
[sI-A] _[ —1  sls(s+2)+5 ~ —1 S
's(s+2)+5 s(s+2)+5.




[ s+1+1 5
| s+1)%+2% (s+1)%+22
- -1 S
| (s+1)%+22  (s+1)*+22]
A(t) = L7 [sI-A]-1
[ s+1+1 5
_ |1 (s+1)*+22 (s+1)*+22
B -1 s+1—1
| (s+1)%+22  (s+1)%+22]

_ 1 _
et(:052t+5et

1 .
- e Usin 2t

sin 2t

5 . .
Eetsm2t

_ 1 .
e tCosZt—Ee Usin 2t



(ii) The transfer function

YO) | oAl
U C [SI-A]*B
_ s+2 5 1 1
= [ 1][ S(s+2)+5[ ]
_ S + 7
B s(s+2)+5 S—1

25+6
s(s+2)+5




Matlab

Find the transfer function using Matlab

> A—[@ S53:-1 -2] *>» [num,den]=ss2t+{(A,B,C,D)
= mum =

= =

_a _= =) 2> )

B = den =

i 1.a388a88 2 .80a8g 5.a80a8g
=% C=[1 <17 »» g=tF{num,den)
c o= g =

1 u

= Continuous-time tTransfter function.



Problem

Find the transfer function of a state model of a
system given by,

0 1 0] [0 0],
x=lo o 1|x+|1 0[1]
U,

-1 -2 =31 lo 1.

STARAE



Solution

From the given system,

0
0
—1

A =

[sI-A] =s

1
0
—2

0

1

O = O

_ O O

—3

<=lo 0 4]




((s+2)(s+ 1) s+ 3 1]
=~ [sI-Alt = —1 s(s+3) s|s 21
S°+3s°+2s+1
—S —(2s+1) s

The transfer function of the system is given by

X(s)

— _A]-1
Ues) CI[SI-A]''B
. ((s+2)(s+1) s+ 3 1] 0 0
) [O 8 (1)] -1 sS(s+3) s s*+3s2+2s+1 l 1 O]
—S —(2s+1) s 1
s+ 3 1
- [(1) 8 2 S(s+3) s >+3 21+2 +1
S S S
| —(2s+1) s?
s+3 1 1

“[-@2s+1) s?| P+3strast1



Matlab

Find the transfer function using Matlab

»» A=[@ 1 8;8 & 1;-1 -2 -3];
*»>» B=[@ @;8 1;1 @];

»» C=[1 @ ;8 & 1];

»» D=[@ @;8 a];

»» [num,den]=ss2t+(A,B,C,D,1)

1.a688 3.068a 2.968a88 1.668a



Problem

A linear time-invariant system is characterized

. ' X
by state equation [).(1]= [1 0] [ 1]. Compute
the solution of the state equation, assuming the

initial vector X, = [(1)]



Solution

From the given system, A = H (1)]

The solution of state equation is,

X(t) = L [sI-A]1 X(0) + L't [SI-A] 1 B U(s)
Here U=0

=~ X(t) = L [sI-A]1 X(0)

[S'_A]zsié (1)[1 (1)1215—_11 581]

_ _1_5_1 O 1
[s1-A] = ]

1 (s—1)°



Ao [s—1
SEAR=1 T sl e
1 0
| s-1
- 1 1
(s—1)* s—1]
X(t) = Lt [sI-A] X(0)
. ]
_ |- 1 [1
1 1 0
(s—1)°

1 -l



Solution of state equation (Time Domain)
x(t) = A x(t) + B u(t) X(0) = x,
x(t) - A x(t) = B u(t)
pre-multiplying both sides by e ™4

e Atx(t) - Ax(t)] = e At B u(t) --------m-mm- (1)

Consider, % {e At x(t)} = e At x(t) - A e At x(t)]

= e AtX(t) - A x(1)]

t

- equation (1) = % {e7Atx(t)} = e At B u(t)

Integrating with respect to t

td ( -At _ (Yr.—-A
Jo 5 €72 x(t)} dt = [ [e™AT B u(t)ldT
e At x(t) — x(0) = [ [e™AT B u(t)ldt




Pre-multiplying both sides by eAt,
et [e7At (t) — x(0)] = eAt[fOt e AT B u(t)d1]
x(t) = eAt[x(0) + fot e AT B y(t)dt]
= eAt x(0) + fot[eA(t_T) B u(t)]dT

x(t) = B(t) x(0) + [ B(t-7) B u(t) dr

if the initial time is t = t; the solution of state equation
becomes,

X(t) = Ot —ty) x(ty) + fOt(Z)(t—r) B u(t)dt



1
2
3
4
5

Properties of state transition matrix
D(t) = eAt=L"1 [sI-A]™

. ©0(0) =1

. 07(t) = O(-t)

. O(t,-t)) O(t;-ty) = B(t,-t,) forany t,, t, t,
. [D(t)]*=D(kt)

. D(ty+t,) = B(ty) B(t,) = O(t,) O(t,)



Problem

Compute the State transition matrix by infinite
0 1]
-1 =2
Solution: For the given system matrix A, the state
transition matrix is,

series method A= [

(At)*  (At)’

O (t) =eAt =1+ At + T e
I _
w=nn=[ 7 L) Sl TS

A3=A2.A=[_; _ﬂ[_f _ﬂzl—:zs —i



(At)2 (At)°

B(t) =1 + At + e
o 1 1 =2
'[o 1]+ [_1 _z]“ 2 ]
1——+=+ t— 2+ 4
—t+t2—%+ 1—2t+3—t+
_leTt +te™t te~t
—te™t el —tet

[ 2




Problem

Find the state transition matrix by infinite series

method for the system matrix A = [(1) ﬂ

Solution: For the given system matrix A, the

state transition matrix is,
_ At _ (AD)?  (AD)°
D(t)=e=1+At+ Tt

oo

S

we=an=ly iblo 1kl



A3=A2.A—[1 2] [1 1]_[1

B(t) = | + At + (At!) (At)
=[(1) ] [ ]t ]_ [(1) ];_3'+
_-1+t+2!:;!+... t+tzlt2:..._
Lo he+ie Dy

et tet]
0 et
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