B.M.S. COLLEGE OF ENGINEERING, BENGALURU
DEPARTMENT OF MATHEMATICS

Dept. of Math., BMSCE Unit 4: Ordinary Differential Equations of Higher Order

For the Course Code: 23MA1BSCEM
Course: Mathematical Foundation for Civil, Electrical and Mechanical Eng. Stream - 1

ORDINARY DIFFERENTIAL EQUATIONS OF HIGHER ORDER

Linear differential equations are those in which the dependent variable and its derivatives occur only in the
first degree and are not multiplied together.

The general n™ order linear differential equation is of the form

dny dn—ly dn—2y

P, +p =+ p e +p.y= X
Cax" Ttdx™ TP dx™? T (1)
where Pos Pu Paseeeeeee Pa and X are all functions of X only.
In the above differential equation if
i) X =0 Then itis called a homogeneous linear differential equation.
i) X # 0 Thenitis called a non-homogeneous linear differential equation.
iii) po,p1,p2 - ... Py are constants then it is called a linear ordinary differential equation with constant
coefficients.
iv) If yo,y1, . ....., ¥, are n independent solutions then its linear combination y = c;y,, +¢;y, + - + ¢

is also a solution.
Linear ordinary differential equations with constant coefficients

dny dn—ly dn—zy
Po dx™ T dxn—1 P2 A2 + e ppy = X

Where pg, p1, P2, --- --- - - P @re all constants.
Note:
I) Solution: A relation between x and y which satisfies the given differential equation.

II) General solution: A solution which contains arbitrary constants.
iii) Do) P1) P2, - -+ Py, are functions of X then it is called a linear ordinary differential equation with variable
coefficients.
iv) If y = v be any particular solution and y = u be the solution of the homogeneous part of the differential
equation then y = u + v is called as the complete solution.

The part U is called the complementary function (C.F.) and the part V is called the particular integral

(P.1.). Thus the complete solution of the above differential equation is ¥ = C.F+P.1 particular integral
(P.1.) is a function which satisfies the ODE given by equation ().

RULES FOR FINDING THE COMPLEMENTARY FUNCTION

Let us consider n" order homogeneous linear differential equation with constant coefficients
d n d n-1 d n-2
dle v dx”¥ e dx“zl
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Dept. of Mathematics, BMSCE Unit 4: ODE of Higher order
The equation (2) in symbolic formis (D™ + kyD™ ™ + k,D" 2 .+ k,)y =0  _.....ccc...... 3)

Further which can be written as f(D)y = X

wheref (D) = D™ + kD" 1 + k,D™ 2 L+ ky ... 4)

Observation:

Auxiliary equation (A.E.):F(m) = 0. (Obtained by assuming e™ as a solution of f(D)y = 0.
Therefore the auxiliary equation of (2) is m™ + kym™ 1 + k,m™ 2 .+ k, =0  ................ %)
Letm,,m, ...... my,be the roots of equation (5).
Case I: All the roots be real & distinct

The complete solution of (3) is

y=ceMXyceM* 4 .. +c e
Case I1: The roots are real and repeated (equal)

Suppose if two roots are equal (i.e., my=m,=m) then the complete solution of (3) is

y:(cl+czx)emx+c3em3x+ .............. +Cnem”x

Similarly if r number of roots are equal (i.e., my=ma=........... =my=m ) then the complete solution of
(3)is

Y = (C, +CoX +CeX ... +exheMX e oMy +ceM™X

Case I11: The roots are imaginary

Suppose if one pair of roots be imaginary (i.e., mi=a+if, m.=a-iff) then the complete solution of
(3)is

y=(c1cosﬁx+czsin,8x)eax+c3e

Suppose if two points of imaginary roots are equal (i.e., my =m, = a + i, m3 =m, = a — iff)
then the complete solution of (3) is

m X

y =[(c, +c,x)cos Bx+(c, +c4x)sin,3x]ea X FCE e +cnem“ X

Solve the following Homogeneous Linear Differential equations with constant coefficients:

1 Y-y -12y=0 Ans: y=ce > +c,e”
2 V' —4y+4y=0 y(0)=3 y(0)=1  pps y=(3-5x)¢”
3 4y"+4y"+y'=0 Ans: y=c, +(c, +c,x)e "
d_sy _ y=ce “+|cC cos@+c sin@ e
7Ty =0 I
4. dx Ans:

4 2
M+8%+1Gy:0
X

Y Ans: Y = (€ +C,X) €08 2X +(C; +C,X)sin 2x
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Dept. of Mathematics, BMSCE Unit 4: ODE of Higher order

6. 4yﬂ_12y'+5y:O Ans y:Cle X/2+Czesx/2
7. Y'-4y"+y'+6y=0 Ans: Y =Ce€  +Ce” +ce™
g. Y'+6y"+9y=0 Ans: Y=(01+C2X)efsx.
d’y _d’y _dy
S dx° ax* dx ! AnS:y:(Cl"'CzX"'CsXZ)eX.
3
10. (D*+1) y=0 Ans: Y = (€ +CoX+CX*) COS X+ (C, +CoX+CoX°)sin X

Rules for finding the particular integral (P. 1.) of
The nth order non-homogeneous linear differential equation with constant coefficients can be expressed as

d?ly d?l—ly dn—Zy
dx™ Ty dxn1 kez dxn2

+okpy =X

The equation (6) in symbolic form is
(D" + kD"t + ko D" e k)y =X (7)

Further which can be written as f(D)y = X where
f(D)=D"+k; D" 1+ kD" 2 + -+ Ky

Particular integral of is given by [1.[].= %X

Case I: When X =¢€*
Plo—t xo 1 g
f(D) f (a)
1, e
If f(a):O, P.I._x%e , provided f'(a)=0

, provided f(a)=0

1 .
, P.l=x*——e™, provided f"(a)=0
i f'(@) =0 f"(a) and so on.

Case 1I: When X =cos(ax+b) or sin(axb)

P.l.= %[cos(ax +b)orsin(ax+b)], provided f(-a*)=0

f(
f(_az)zo, P.I.:xﬁ[cos(ax+b)orsin(ax+b)],provided f’(—az)iol

1 H -
P-|.= 2— b b , d d fII _ 2 0
. f'(-a?)=0 X f”(_az)[cos(ax+ )orsin(ax+b)], provided f"(-a’)=

m
Case I11: When X =X

1

P.I=
f (D)

xM =[f(D)*xM.

-1
Expand [f(D)] in ascending powers of D as far as the term in D™ and operate on x™ term by term.

since the D"X" =0 for N>M  we need not consider terms beyond D™.

Solve the following non-Homogeneous Linear Differential equations with constant coefficients:
Problems on Case |
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1
_ 2 3x -2X =
Y6y 49y =66 +7e P —l0g2  pne y=(c +c,x)e* +3x%e™ +—e 9Iogz
3
_ 2\a2x X L2x
, (D-2fy=¢” . y=(c +Cx+cx" e + ~
1
_ ce’™+c,e?)+—e*
3. (D2+4)y_ Ans:y ( ) 13
, _ clcos\/_ +c, smﬁ K2y (3ex—e’x)
A (D —D+1)y=smhx AnS' 2 6
g D(D+1)’y=12¢"% Ans: V=G H(C +ex)e —6xPe
2 X —X
OI—Z+4ﬂ+5y:—coshx, y =0, Y1 at x=0 yzge‘zx(cosx+3sinx)—e——e—
0. dx dx dx . Ans: 5 10 2 .
3x
(D*+2D+1)y=2¢" =(crex)e "+
7. y= . Ans:
3. o y =(c, +cx+cx* )e + xe”
g (D-2)y=e” Ans: ? 6
, o . oxe ' x%* 1,
o, (D+2)(D-1) y=e™+2sinhx Ans:y_cle +(c, +Cpx)e" + g s T3¢
Problems on Case 11
(D2+4) — 5in3X 4+ COS 2X y=c10052x+czsin2x—lsin3x+§sin2x
1. y . Ans: S 4
o sx 1| sin3x—cos3x 31lcos5x—25sin5x
, (D?+5D-6)y=sin(ax)sinx , VTG TG T 0 1586
d*x : kt .
—+n*x=kcos(nt+a) X =c,cosnt+c,sinnt+—sin(nt+«)
3. dt? Ans: 2n
d2 d _ 2x .
—y+2—y+y e”* —cos’ X y=(c,+c,x)e X &1 2 Gnoxe S cosax
4. dX dx Ans: 9 2 25 50
(D3+4D)y=sin2x y=C¢ +¢, cost++cssin2x—§sin2x
5. . Ans: 8

6. Y +4y +4y=3sinx+4cosx,y(0)=1landy'(0)=0 Ape ¥ =1+X)e™ +sinx

7. Find the Pl of (

3 2
M+20|—2/+ =e
g, dx® dx® dx

Problems on Case 111

X 4 sin2x

(D*-1)y=2x"-3x+1

1. Ans

2. (DG_DA)yZXZ Ans:

D° +1)y =cos(2x—1)
. Ans:

X —x
: y=c¢Cge" +Ce

1 .
P.l.=—| cos(2x—-1)—-8sin(2x-1
o, Pl=ggloos(2x-1)-8sin(2x-1)]
x’e™ 3 2 .
+%c052x—2—55|n2x

y=C, +(C,+Ccx)e* —

—[2x4 +24%2 —3x+49].

6 4
R I G
=(cl+czx+c3x2+c4x3)+c5ex+c6e X{—+—+x2+2}

360 12
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3 1

2 2 _ ey =—Z(1+2x)e* +=(2x*+3
5 (D*+4D+4)y=x*+2xy(0)=0, y(©)=0 , .Y 8( ) 8( )
" (D—2)2y=8x2_ Ans:y=(cl+c2x)ezx+2x2+4x+3.

~ . 1r 1, 1
. (D +2)y =X + e + cos3x A y_(qcosﬁx+c23|nﬁx)+§[x —3x]+6e —7c053x.
x 3 3 s auz

2 — 3 =e?(c,Co0S— X+C,SiIN—X)+ X" —3X“ +6

. (D*+D+1)y=x | Ans: (¢ cos = »SIN—>X)

Alternative method for finding Particular Integral - Method of variation of parameters
This method is quite general and applied to equations of the form

y" + Py'+ Qy = R where P,Q and R are functions of x.

Let C.F.= cqu(x) + c,v(x)

Then P.I1.= A(x)u(x) + B(x)v(x)

Where A(x) = —f”R dx B(x) = f dxand W = | | is called the Wronskian of u, v. Hence the
complete solution is given by y = C. F +P. 1L

Problems
1 y"+y=secx Ans:y=c1cosx+02sinx+cosx|og(cosx)+xsinx
2
2. Zx¥+y:1+:inx Ans: Y =C, COS X +C, Sin x+sin xlog(1+sin x) —xcos x —1
2 (j;y Zgi—exsinx A y=q+czezx—%exsinx
d’y ,dy 1

o 00 S0 Y The T e Yo (e lo(Lee )+ (6 -Lox)e (o )e”
2

—ce X x_ X 1 -X —2X
(D2+2D+1)y=e_xlogx. =ce " +C,xe +E(E—Ionge +e 7 (xlogx—x)

5. Ans:
dzy_y 2

6. dx? (1+e") Ans: V=G HCe " —1re logle ™ +1) e Iog(ex+1).

”_6 ’+9 _ﬁ 3

, y-oy+eay=-"2 Ans: V= (G +Cx)e™ —elog(x+1)

g Y -2y+2y=e‘tanx Ans: Y y =(c,cosx+c,sinx)e* —e cosxlog(secx+tanx)
o (63 Joosa e+ 3 pogsina]
—+a cosecax y=|c,—— |cOosax+|cC, + logsinax [sinax

9. dx’ Y= . Ans: ' }gz :

2
X
2 X y =(C, +C,X —e”(2logx-3
L. (D*-2D+1)y=e"logx Ans: (c )e* M ( )

LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS
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Dept. of Mathematics, BMSCE Unit 4: ODE of Higher order
The linear differential equations with variable coefficients can be reduced to linear differential equations with
constant coefficients by suitable substitutions.

Cauchy’s linear differential equation:

An equation of the form

dy o oad™y o, d™y dy
an+k1X 1w+kzx ZW'F """ +kn71X&+kny:X

Xn

. e . . 2
Using the substitution [1 = (1" in equation (1) we get (110 = (1,11, 12070 = [,(0; = D)1,
Similarly (13030 = (1,(10; = I)(1; — 2)[J and so on, where [ = [1/(1[],[1, = [1/[]]

After making these substitutions in equation (1), there results a linear equation with constant coefficients
which can be solved as before.

Problems
2
Iy 2y_,, 1 y:C1X2+C_2+1(X2_1jlogx
1, dx* X x> Ans: X 3 X
d’y _, dy
2 — _
2. § W—4x&+6y—4x ° Ans: Y =X +6,x° +2x~1
d’y . dy 1 !
X == +3X—=+y= = 1=
3 dx? ax (1-x)° Ans: y_{cl+02 09 x:Hlog x—l}x
X
) X c,+e
x2—y+4xﬂ+2y:ee y=&+( : )
> 2
4 dx dx Ans: X X

5. x?y" +xy' +y=log(x)sin (logx)

Ans. y:qcos (logx) + cpsin (logx) — i (log x)? cos (logx) + ilog (logx)sin (logx)

2
6. x2y" —3xy'+ 5y = x2sin (logx) Ans. Y = x?(ey coslogx + ¢; sin logx) — logx.%.cos logx
Legendre’s linear differential equation:

An equation of the form
n-1 d n—ly

dxn—l

dy

nd" 2 d"?
(ax+b) ﬁ+kl(ax+b) ZWL ------ +kn_1(ax+b)&

called the Legendre’s linear differential equation. Using the substitution 8X+b=¢" in equation (1) we get

+k, (ax+b) +k y=X

and so on
where D = :—x, D, = %. After making these substitutions in (1), there results a linear equation with constant
coefficients, which can be solved as before.

(ax+b)Dy=aDy (ax+b) D?y=a’D,(D,-1)y (ax+b)’D*y=a’D,(D,-1)(D,-2)y

Problems

7 (x+2)2 y"+3(x+2)y' -3y =0 y:cl(x+2)+cz(x+2)_3

Ans:
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(2x+3)2 y"—(2x+3)y'-12y =6x

Unit 4: ODE of Higher order

8.
_ a b 3 3 _3x.57
Ans: y=¢,(2x+3) +c,(2x+3) 14(2x+3)+4, Wherea,b_—4
(1+x)2d—2y+(1+x)ﬂ+y:sin[2log(1+x)]
9. dx’ dx
y =, coslog(1+ x) +c, sinlog(1+ x) —lsin[z log(1+ x)]
Ans: 3
d’y 2d?%y dy
x—1)—2 +2(x-1 —4(x-1)ZL +4y =4log(x -1
10.( )dx ( )d2 ( )dx y 9(x-1)
Ans: y=cl(x—1)+c2(x—1)2+c3(x—1)_3+log(x+1)+1.
)%—3y=x2+x+1
- y=cl(3x+2)1/3+c2(3x+2)_1 2:|'7[11,\__,(3x+2)2 i(3x+2) 7}

APPLICATIONS

!o!s.s .- 5! is ! si! s nil

E(f) T r-=[_:’_'
|

SRR ,I

| &

KirchhofT's voltage law (KVL): The algebraic sum of all the instantancous voltage drops across the
three clements inductor, resistor and capacitance is equal to the resultant electromotive force
(extemal source) in lhg circuit. Thus the LRC-circuit 1s modeled as:

I.ﬂ+ R1 +—Q E(r).
dt
. dQ x :
Since /[ = . the above equation can be written as
¢
L2 R 1o E@w) ......qD)
dr= dt c

Differentiating (10) w.r.t. 'r’, we obtain

Thus the charge Q and current / at any time in the LRC-circuit are obtained by solving the equations
(1) and (2) respectively.
dQ

Alternately. If equation (1) is solved. then current can be obtained by / = g and if equation (2) 1s
<

solved then Charge can be obtained by integrating the solution of (2) with respect to 7.

Problems
1. A condenser of capacity C discharged through an inductance L. and resistance R in senes and the
) do
charge g at ume 7 sausfies the equation L ¢Il( RF(- + %;() = 0. Given that L=0.25hennes,
X 7

R=250 ohms, € =2x10"® farads and that whens =0, charge g i1s 0.002 coulombs and the

current % = 0, obtain the value of g in terms of 7 ..
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2. Determine Q and / in the LRC-circuit with L =0.5H R = 6€0.C =0.02F , E(1)=24sin(10r)
and initial conditions Q =i =0 at r=0,
3. Find the charge on the capacitor in an LRC-series circuit at ¢ = 0.01s when L =005/, R =20,
C=001F, E(1)=0V, ¢(0)=5C and {(0)=04. Determine the first time when the charge on
the capacitor is zero,
4. Find the charge on the capacitor in an LRC-series circuit when L = %H , R=20Q, C= 3—(1)0- F,
E(t)=0V, g(0)=4C and i(0)=04. Is the charge on the capacitor ever equal to zero?
5. Find the charge on the capacitor in an LRC-senes circuit when L=1H | R = 10002,
C=00004F, E(1)=301, ¢(0)=0C and i(0)=24. Determine the first ime when the charge

on the capacitor is zero.
6. Find the steady-state charge and the steady-state current in an LRC-senies circuit when L=1H ,
R=2Q, C=025F, E(1)=50cos(r)} .

7. Find the steady-state charge and the steady-state current in an LRC-series circuit when L=<H |

o |-

R =200, C=0001F, E(r)=100sin(60r)+ 200cos (40¢) " .

8. Find the steady-state charge and the steady-state current in an LRC-series circuit when L=<H |

|-

R =200, C=0001F, E(r)=100sin(60t).

9. Find the current in the RLC circuit connected in series for the given data. Assume zero initial
current and charge

a R=200Q, L=0.1H . C=0.006F and E =te”" volts .
b. R=400Q, L=0.12H, C=0.04F and E =120sin(20¢) volts .
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