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 Course: Mathematical Foundation for Civil and Mechanical Engineering Stream- 2 

(23MA2BSMCM) 

Unit 3: Partial Differential Equations 

Formation of P.D.E 

Type1: Elimination of arbitrary constants 

Form the partial differential equation by eliminating arbitrary constants from following 

1. 𝑧 = 𝑎𝑥𝑒𝑦 +
1

2
𝑎2𝑒2𝑦 + 𝑏         𝐴𝑛𝑠: 𝑞 = 𝑝𝑥 + 𝑝2 

2. (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + 𝑧2 = 4       𝐴𝑛𝑠: 𝑧(𝑝2 + 𝑞2 + 1) = 4 

3. (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑧       𝐴𝑛𝑠: 𝑝2 + 𝑞2 = 4𝑧 

4. 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2 + 𝑏2       𝐴𝑛𝑠: 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝2 + 𝑞2 

5. 𝑧 = (𝑥2 + 𝑎2)(𝑦2 + 𝑏2)          𝐴𝑛𝑠: 𝑧 =
𝑝𝑞

4𝑥𝑦
 

6. 𝑧 = 𝑎𝑥𝑦 + 𝑏               𝐴𝑛𝑠: 𝑝𝑥 = 𝑞𝑦 

7. 
𝑥2

𝑎2 +
𝑦2

𝑏2 +
𝑧2

𝑐2 = 1       𝐴𝑛𝑠: 𝑧2 − 𝑧(𝑝𝑥 + 𝑞𝑦) = 𝑐2       

8. 𝑧 = 𝑎log {
𝑏(𝑦−1)

1−𝑥
}           𝐴𝑛𝑠: 𝑝(1 − 𝑥) = 𝑞(𝑦 − 1)       

9. 2𝑧 =
𝑥2

𝑎2
+

𝑦2

𝑏2
         𝐴𝑛𝑠: 2𝑧 = (𝑝𝑥 + 𝑞𝑦)       

10. log(az − 1) = 𝑥 + 𝑎𝑦 + 𝑏           𝐴𝑛𝑠: 𝑞𝑧 − 𝑝𝑞 = 1       

11. 𝑧 = 𝑥𝑦 + 𝑦√𝑥2 − 𝑎2 + 𝑏            𝐴𝑛𝑠: (𝑞 − 𝑥)𝑝 = 𝑦𝑞       

12. 𝑧 = 𝐴𝑒𝑝𝑡𝑠𝑖𝑛𝑝𝑥           𝐴𝑛𝑠: (∂2z/ ∂t2) + (∂2z/ ∂x2) = 0       

13. Find the differential equation of all spheres of fixed radius having their centres in the xy-

plane.          𝐴𝑛𝑠: 𝑧2(𝑝2 + 𝑞2 + 1) = 𝑅2       

14. Find the differential equation of all spheres whose centres lie on the z-axis.      

𝐴𝑛𝑠: 𝑞(𝑥 + 𝑧𝑝) = 𝑝(𝑦 + 𝑧𝑞) 

15. Find the differential equation of all spheres of radius 3 units having their centres in the yz-

plane.         𝐴𝑛𝑠: 𝑥2(𝑞2 + 1) = 𝑝2(9 − 𝑥2)       
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Type II: Elimination of arbitrary functions 

If 𝑢 = 𝐹(𝑣)  𝑂𝑅  𝑣 = 𝐹(𝑢)    𝑂𝑅   𝐹(𝑢, 𝑣) = 0,  𝑢 = 𝑢(𝑥, 𝑦, 𝑧) and 𝑣 = 𝑣(𝑥, 𝑦, 𝑧) then,  

 Differentiate the equation partially w.r.t 𝑥 and partially w.r.t 𝑦 by chain rule. 

 Eliminate 𝐹𝑥 and 𝐹𝑦 by expanding the determinant |

∂𝑢

∂𝑥
+

∂𝑢

∂𝑧

∂𝑧

∂𝑥

∂𝑣

∂𝑥
+

∂𝑣

∂𝑧

∂𝑧

∂𝑥
∂𝑢

∂𝑦
+

∂𝑢

∂𝑧

∂𝑧

∂𝑦

∂𝑣

∂𝑦
+

∂𝑣

∂𝑧

∂𝑧

∂𝑦

| = 0 

 The resultant is a first order linear P.D.E. of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

Form the partial differential equation by eliminating arbitrary functions from following 

1. 𝑧 = (𝑥 + 𝑦)𝜙(𝑥2 − 𝑦2)            𝐴𝑛𝑠: 𝑧 = 𝑦
∂𝑧

∂𝑥
+ 𝑥

∂𝑧

∂𝑦
       

2. 𝐹(𝑥2 + 𝑦2, 𝑧 − 𝑥𝑦) = 0          𝐴𝑛𝑠: 𝑥(𝑞 − 𝑥) = 𝑦(𝑝 − 𝑦)       

3. 𝐹(𝑥𝑦 + 𝑧2, 𝑥 + 𝑦 + 𝑧) = 0      𝐴𝑛𝑠: (1 + 𝑞)(𝑦 + 2𝑧𝑝) = (1 + 𝑝)(𝑥 + 2𝑧𝑝)       

4. 𝐹(𝑥2 + 𝑦2 + 𝑧2, 𝑧2 − 2𝑥𝑦) = 0     𝐴𝑛𝑠: 𝑥2 − 𝑦2 + 𝑧(𝑥 + 𝑦)(𝑝 − 𝑞) = 0   

5. 𝐹(𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 − 𝑧2) = 0            𝐴𝑛𝑠: (𝑦 − 𝑥) + 𝑦𝑝 − 𝑥𝑞 + 𝑧(𝑝 − 𝑞) = 0   

6. 𝐹(𝑥2 + 𝑦2, 𝑥2 − 𝑧2) = 0                         𝐴𝑛𝑠: 𝑦𝑧𝑝 − 𝑥𝑧𝑞 = 𝑥𝑦   

7. 𝐹(𝑥2 + 2𝑦𝑧, 𝑦2 + 2𝑧𝑥) = 0                        𝐴𝑛𝑠: 𝑥𝑦 + 𝑥2𝑞 + 𝑦2𝑝 − 𝑧2 − 𝑥𝑧𝑝 − 𝑦𝑧𝑞 = 0   

8. 𝑥 + 𝑦 + 𝑧 = 𝑓(𝑥2 + 𝑦2 + 𝑧2)           𝐴𝑛𝑠: (1 + 𝑝)(2𝑦 + 2𝑧𝑞) = (1 + 𝑞)(2𝑥 + 2𝑧𝑝)   

9. 𝑥𝑦𝑧 = 𝑓(𝑥 + 𝑦 + 𝑧)           𝐴𝑛𝑠: (1 + 𝑞)(𝑦𝑧 + 𝑥𝑦𝑝) = (1 + 𝑝)(𝑥𝑧 + 𝑥𝑦𝑞)     

10. 𝐹(𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧, 𝑥2 + 𝑦2 + 𝑧2) = 0            𝐴𝑛𝑠: (𝑎 + 𝑐𝑝)(𝑦 + 𝑧𝑞) = (𝑏 + 𝑐𝑞)(𝑥 + 𝑧𝑝)   

11. 𝑧 = 𝑥𝑛𝑓(𝑦/𝑥)              𝐴𝑛𝑠: 𝑥𝑝 + 𝑦𝑞 = 𝑛𝑧   

12. 𝑧 = 𝑓(𝑥2 − 𝑦2)               𝐴𝑛𝑠: 𝑝𝑦 + 𝑞𝑥 = 0   

13. 𝑧 = 𝑓(sin 𝑥 + cos 𝑦)        𝐴𝑛𝑠: 𝑝𝑠𝑖𝑛(𝑦) + 𝑞𝑐𝑜𝑠(𝑥) = 0   

14. 𝑧 = 𝑒𝑎𝑥+𝑏𝑦𝑓(𝑎𝑥 − 𝑏𝑦)          𝐴𝑛𝑠: 𝑏𝑝 + 𝑎𝑞 = 2𝑎𝑏𝑧   

15. 𝑧 = 𝑦2 + 2𝑓(1/𝑥 + ln 𝑦)          𝐴𝑛𝑠: 𝑞𝑦 + 𝑝𝑥2 = 2𝑦2   

16. 𝑧 = 𝑥 + 𝑦 + 𝑓(𝑥𝑦)                  𝐴𝑛𝑠: 𝑥 − 𝑦 = 0   

17. 𝑧 = 𝑓(𝑥𝑦/𝑧)             𝐴𝑛𝑠: 𝑥𝑝 − 𝑦𝑞 = 0   

18. 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝑓(𝑥2 + 𝑦2 + 𝑧2)               𝐴𝑛𝑠: (𝑛𝑦 − 𝑚𝑧)𝑝 + (𝑙𝑧 − 𝑛𝑥)𝑞 = 𝑚𝑥 − 𝑙𝑦   

19. 𝑧 = 𝑓(𝑥 + 𝑎𝑡) + 𝑔(𝑥 − 𝑎𝑡)                          𝐴𝑛𝑠:
∂2𝑧

∂𝑡2 − 𝑎2 ∂2𝑧

∂𝑥2 = 0   

20. 𝑧 = 𝑓(𝑥 + 𝑖𝑦) + 𝐹(𝑥 − 𝑖𝑦)                          𝐴𝑛𝑠:
∂2𝑧

∂𝑥2 +
∂2𝑧

∂𝑦2 = 0 
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21. 𝑧 = 𝑓(𝑥2 − 𝑦) + 𝑔(𝑥2 + 𝑦)                        𝐴𝑛𝑠: 𝑧𝑥𝑥 − 4𝑥2𝑧𝑦𝑦 =
𝑧𝑥

𝑥
   

22. 𝑧 =
1

𝑟
[𝑓(𝑟 − 𝑎𝑡) + 𝑔(𝑟 + 𝑎𝑡)]                 𝐴𝑛𝑠: 𝑧𝑡𝑡 = 𝑎2(𝑧𝑟𝑟 +

2

𝑟
𝑧𝑟)   

Direct Integration Method for Non-homogeneous PDEs: 

Solve by direct integration method: 

1. 
∂2𝑧

∂𝑥 ∂𝑦
= 0                       𝐴𝑛𝑠: 𝑧 = 𝐹(𝑥) + 𝐺(𝑦)    

2. 
∂2𝑧

∂𝑥2
= cos 𝑥             𝐴𝑛𝑠: 𝑧 = −𝑐𝑜𝑠(𝑥) + 𝑐1(𝑦)𝑥 + 𝑐2(𝑦)    

3. 
∂2𝑧

∂𝑦2
= sin 𝑦                     𝐴𝑛𝑠: 𝑧 = 𝑠𝑖𝑛(𝑦) + 𝑐1(𝑥)𝑦 + 𝑐2(𝑥)    

4. 
∂2𝑧

∂𝑥 ∂𝑦
=

𝑥

𝑦
+ 𝑎                    𝐴𝑛𝑠: 𝑧 =

𝑥2

2
ln(𝑦) + 𝑎𝑦𝑥 + 𝑐1(𝑥) + 𝑐2(𝑦)    

5. 
∂2𝑧

∂𝑥 ∂𝑡
= 𝑒−𝑡cos 𝑥                      𝐴𝑛𝑠: 𝑧 = − sin(𝑥) 𝑒−𝑡 + 𝐷(𝑥) + 𝐶1(𝑡)   

6. 𝑥𝑦
∂2𝑧

∂𝑥 ∂𝑦
= 1             𝐴𝑛𝑠: 𝑧 = ln|y| ln|x| + 𝑐2(𝑥) + 𝑐3(𝑦)    

7. 
∂2𝑧

∂𝑦2 = x2𝑦3                     𝐴𝑛𝑠: 𝑧 =
𝑥2𝑦5

20
+ 𝑐1(𝑥)𝑦 + 𝑐2(𝑥)   

8. 
∂2𝑧

∂𝑥 ∂𝑦
= ex+y                    𝐴𝑛𝑠: 𝑧 = 𝑒𝑥+𝑦 + 𝑓(𝑥) + 𝑔(𝑦)   

Lagrange's Linear Partial Differential Equations 

Working Rule to obtain the general solution 

 Rewrite the equation in the standard form 𝑃𝑝 + 𝑄𝑞 = 𝑅. 

 Form the Lagrange's auxiliary equations 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 

 Nature of solution to the simultaneous equations of the form 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
 : 

𝑢(𝑥, 𝑦, 𝑧) = 𝑐1 and 𝑣(𝑥, 𝑦, 𝑧) = 𝑐2 

are said to be the complete solution of the system of simultaneous equations (provided 𝑢 and 𝑣 are 

linearly independent i.e., 𝑢/𝑣 ≠ constant. 

Case 1: One of the variables is either absent or cancels out from the set of auxiliary equations. 

Case 2: If 𝑢(𝑥, 𝑦, 𝑧) = 𝑐1 is known but  𝑣(𝑥, 𝑦, 𝑧) = 𝑐2 is not possible by case 1, then use 

𝑢(𝑥, 𝑦, 𝑧) = 𝑐1 to get 𝑣(𝑥, 𝑦, 𝑧) = 𝑐2. 

Case 3: Introducing Lagrange's multipliers P1, Q1, R1, which are functions of (𝑥, 𝑦, 𝑧) or constants, 

each fraction is equal to 
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𝑃1𝑑𝑥 + 𝑄1𝑑𝑦 + 𝑅1𝑑𝑧

𝑃1𝑃 + 𝑄1𝑄 + 𝑅1𝑅
 

If P1, Q1, R1 are so chosen that 𝑃1𝑃 + 𝑄1𝑄 + 𝑅1𝑅 = 0 then 𝑃1𝑑𝑥 + 𝑄1𝑑𝑦 + 𝑅1𝑑𝑧 = 0 which can 

be integrated. 

Problems: Solve the following PDE 

1. 𝑥𝑝 + 𝑦𝑞 = 3𝑧                                 𝐴𝑛𝑠: 𝜙 (
𝑥

𝑦
 ,

𝑧

𝑥3) = 0   

2. 𝑦𝑧𝑝 − 𝑥𝑧𝑞 = 𝑥𝑦                               𝐴𝑛𝑠: 𝜙(𝑥2 + 𝑦2, 𝑥2 − 𝑧2) = 0   

3. 𝑝 − 𝑞 = ln (𝑥 + 𝑦)                              𝐴𝑛𝑠: 𝜙(𝑥 + 𝑦, 𝑧 − 𝑥𝑙𝑛(𝑥 + 𝑦)) = 0   

4. 𝑧(𝑧2 + 𝑥𝑦)(𝑝𝑥 − 𝑞𝑦) = 𝑥4                                        𝐴𝑛𝑠: 𝜙(𝑥𝑦, 𝑥4 − 𝑧4 − 2𝑥𝑦𝑧2) = 0    

5. 𝑥𝑧𝑝 + 𝑦𝑧𝑞 = 𝑥𝑦                                     𝐴𝑛𝑠: 𝜙 (
𝑥

𝑦
, 𝑦 − 𝑧 ) = 0   

6. (𝑧 − 𝑦)𝑝 + (𝑥 − 𝑧)𝑞 = 𝑦 − 𝑥                                     𝐴𝑛𝑠: 𝜙(𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 + 𝑧2) = 0   

7. (𝑦 + 𝑧𝑥)𝑝 − (𝑥 + 𝑦𝑧)𝑞 = 𝑥2 − 𝑦2                      𝐴𝑛𝑠: 𝜙(𝑥2 + 𝑦2 + 𝑧2,   𝑥2 + 𝑦2 − 𝑧2) = 0    

8. 𝑦2𝑧𝑝 + 𝑥2𝑧𝑞 = 𝑥𝑦2                            𝐴𝑛𝑠: 𝜙(𝑥3 − 𝑦3, 𝑥2 − 𝑧2) = 0      

9. 𝑝tan 𝑥 + 𝑞tan 𝑦 = tan 𝑧                                           𝐴𝑛𝑠: 𝜙 (
sin(𝑥)

sin(𝑦)
,

sin(𝑥)

sin (𝑧)
 ) = 0   

10. 2𝑝 + 3𝑞 = 1                                       𝐴𝑛𝑠: 𝜙 (𝑥 −
2𝑦

3
, 𝑦 − 3𝑧) = 0   

11. 𝑝𝑦𝑧 + 𝑞𝑧𝑥 = 𝑥𝑦                                     𝐴𝑛𝑠: 𝜙(𝑥2 − 𝑦2, 𝑦2 − 𝑧2) = 0   

12. 𝑥2𝑝 + 𝑦2𝑞 = (𝑥 + 𝑦)𝑧                             𝐴𝑛𝑠: 𝜙 (
𝑦−𝑥

𝑥𝑦
,

𝑧

𝑥𝑦
) = 0   

13. 𝑝√𝑥 + 𝑞√𝑦 = √𝑧                                 𝐴𝑛𝑠: 𝜙(√𝑥 − √𝑦, √𝑥 − √𝑧) = 0   

14. 𝑧(𝑥𝑝 − 𝑦𝑞) = 𝑦2 − 𝑥2                             𝐴𝑛𝑠: 𝜙(𝑥𝑦, 𝑧(𝑥2 − 𝑦2) = 0   

15. (𝑚𝑧 − 𝑛𝑦)𝑝 + (𝑛𝑥 − 𝑙𝑧)𝑞 = 𝑙𝑦 − 𝑚𝑥          𝐴𝑛𝑠: 𝜙 (𝑥 +
𝑚𝑦

𝑙
+

𝑛𝑧

𝑙
, 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧) = 0   

16. 𝑥(𝑦 − 𝑧)𝑝 + 𝑦(𝑧 − 𝑥)𝑞 = 𝑧(𝑥 − 𝑦)           𝐴𝑛𝑠: 𝜙(𝑥 + 𝑦 + 𝑧, 𝑥𝑦𝑧) = 0   

17. (𝑦 − 𝑧)𝑝 + (𝑥 − 𝑦)𝑞 = (𝑧 − 𝑥)                 𝐴𝑛𝑠: 𝜙(𝑥 + 𝑦 + 𝑧, 𝑥2 + 𝑦2 + 𝑧2) = 0   

18. 𝑥2(𝑦 − 𝑧)𝑝 + 𝑦2(𝑧 − 𝑥)𝑞 = 𝑧2(𝑥 − 𝑦)                   𝐴𝑛𝑠: 𝜙 (𝑥𝑦𝑧 ,
𝑥−𝑦

𝑦−𝑧
) = 0   

19. 𝑥(𝑦2 − 𝑧2)𝑝 + 𝑦(𝑧2 − 𝑥2)𝑞 = 𝑧(𝑥2 − 𝑦2)                𝐴𝑛𝑠: 𝜙 (𝑥𝑦𝑧 ,
𝑥2−𝑦2

𝑦2−𝑧2) = 0   

20. (𝑦2 + 𝑧2)𝑝 − 𝑥𝑦𝑝 + 𝑧𝑥 = 0                   𝐴𝑛𝑠: 𝜙 (
𝑦

𝑧
 , 𝑥2 + 𝑦2 + 𝑧2) = 0   

21. (𝑦 + 𝑧𝑥)𝑝 − (𝑥 + 𝑦𝑧)𝑞 = 𝑥2 − 𝑦2       𝐴𝑛𝑠: 𝜙(𝑥2 + 𝑦2 + 𝑧2, 𝑥 − 𝑦 + 𝑧) = 0   

22. (𝑥2 − 𝑦𝑧)𝑝 + (𝑦2 − 𝑧𝑥)𝑞 = 𝑧2 − 𝑥𝑦      𝐴𝑛𝑠: 𝜙(𝑥2 + 𝑦2 + 𝑧2 , 𝑥3 + 𝑦3 + 𝑧3 − 3𝑥𝑦𝑧) = 0   

Method of Separation of Variables 

Working Rule 

 Consider the p.d.e 𝐹 (𝑥, 𝑦, 𝑢(𝑥, 𝑦),
∂𝑢

∂𝑥
,

∂𝑢

∂𝑦
,

∂2𝑢

∂𝑥2 ,
∂2𝑢

∂𝑦2 , … . . ) = 0 
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 Assume the solution 𝑢(𝑥, 𝑦) = 𝑋(𝑥)𝑌(𝑦) 

 The pde reduces to the form 𝑓(𝑋, 𝑋′, 𝑋′′, … . ) = 𝑔(𝑌, 𝑌′, 𝑌′′, … . ) which is separable in X 

and Y. 

 Equate the functions to a common constant 𝑘 i.e., 𝑓(𝑋, 𝑋′, 𝑋′′, … . ) = 𝑔(𝑌, 𝑌′, 𝑌′′, … . ) = 𝑘 

 Solving the above O.D.E, gives the solution of considered P.D.E. 

Solve the following equations by the method of Separation of variables 

1. 
∂2𝑧

∂𝑥2 − 2
∂𝑧

∂𝑥
+

∂𝑧

∂𝑦
= 0            𝐴𝑛𝑠: 𝑧(𝑥, 𝑦) = [𝐶1𝑒(1+√(1+𝜆)𝑥 + 𝐶2𝑒(1−√(1+𝜆)𝑥] 𝐶3𝑒−𝜆𝑦   

2. 
∂𝑢

∂𝑥
= 2

∂𝑢

∂𝑡
+ 𝑢 where 𝑢(𝑥, 0) = 6𝑒−3𝑥           𝐴𝑛𝑠: 𝑢(𝑥, 𝑡) = 6𝑒−3𝑥−2𝑡   

3. 𝑝𝑦3 + 𝑞𝑥2 = 0               𝐴𝑛𝑠: 𝑧 = 𝐹(4𝑥3 − 3𝑦4)   

4. 𝑥2 ∂𝑢

∂𝑥
+ 𝑦2 ∂𝑢

∂𝑦
= 0          𝐴𝑛𝑠: 𝑢 = 𝜙 (

𝑦−𝑥

𝑥𝑦
 )   

5. 
∂𝑢

∂𝑥
= 4

∂𝑢

∂𝑦
 given 𝑢(0, 𝑦) = 8𝑒−3𝑦       𝐴𝑛𝑠: 𝑢(𝑥, 𝑦) = 8𝑒−3(𝑦+4𝑥)   

6. 𝑢𝑥𝑥 − 𝑢𝑦 = 0             𝐴𝑛𝑠: 𝑢(𝑥, 𝑦) = 𝑒𝑥𝐴(𝑦) + 𝐵(𝑥)   

7. 3
∂𝑢

∂𝑥
+ 2

∂𝑢

∂𝑦
= 0,, given 𝑢(𝑥, 0) = 4𝑒−𝑥           𝐴𝑛𝑠: 𝑢(𝑥, 𝑦) = 4𝑒−𝑥+

3𝑦

2    

8. uxt = 𝑒−𝑡𝑐𝑜𝑠𝑥 given u(x, 0) = 0 and 
∂𝑢(0,𝑡)

∂𝑡
= 0          𝐴𝑛𝑠: 𝑢(𝑥, 𝑡) = sin(𝑥) (1 − 𝑒−𝑡)   

Heat and Wave equation 

1. Derive the one-dimensional heat equation 
∂𝑢

∂𝑡
= 𝑐2 ∂2𝑢

∂𝑥2
, where 𝑢(𝑥, 𝑡) denotes the 

temperature at a point 𝑥 at time 𝑡. 

2. Derive the one-dimensional wave equation 
∂2𝑢

∂𝑡2 , = 𝑐2 ∂2𝑢

∂𝑥2, where 𝑢(𝑥, 𝑡) denotes the 

displacement at a point 𝑥 and at time 𝑡 > 0. 

 

 

 

 


