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I. PARTIAL DERIVATIVES

Let u= f(x,y) be a function of two variables x and y.If we keep y as constant and vary x
alone, then u is a function of x only. The derivative of u with respect to x, treating y as

constant is called the partial derivative of ¥ w.r.t x and is denoted by one of the symbols 6_u ,
a . + Axa - ) .. . —

u_, Thus X u = lim f(x y) f(x y). Similarly, ou _ u, = lim Sy +8y)= /()
Oox Ax—0 Ax ay Yo Ay0 Ay

Further u, and u, are also functions of x and y, so these can further be differentiated partially

w.r.t. x and Thusi(a—ujzﬁ oru Ofou)_ O'u or u i(a_”): O'u or u
LIt Y. x| ox o XX2 a0 3y ) oxoy Xy oy \ ox Byor yx

0 (ou ou
and —| — |=—5 or Upy -
oy\ay) oy

Geometrically, the slope of the curve z = f(x,y,) at the point P(x,,¥,, f(%,,,)) in the plane y =y,

is the value of the partial derivative of f with respect to x at (xo, yo) .

y  Verucal axis in

the plane v Yo

The curve ;

in the plane »y

langent line

ot N, Yol

Homzontal axis in the plane v

In general, if f is function of »n independent variables say x,,x,,...,x, then the partial derivative of f
is with respect to any independent variable say x, is computed by treating the remaining independent
variables as constant.
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Examples

10.

11.

12.

13.

14.

15.

16.

17.

18.

. -1/2
Prove that yv —xv = -y if v=(1—2xy+y2) .

Showthath+wy+wz =0 if w=(y—z)(z—x)(x—y).

x+y

Show that u, +u,, =u, if u= -,
o e +e’

Ifw=x"y+y’z+z"x, prove thath+wy+wz =(x+y+z)°.

z
Ifu =Z+—, show that xu, +yuy +zuz =0.

z X
ou 1ov . dv 10
Givenu ="’ cos(rsin@), v=e"“*’sin(rsin8), Prove that —=—— and — o
or rof or r 06
2
If (x4 )z =x* 47, Show that| 2% | 41 & 2|
ox Oy ox Oy

Show that (v, ) + (v, +(v. ) =v* if v=(x +)? 25

Ifz = ™™ f(ax—by) prove that b% +a & =2abz.
X

oy
62 2 .2 82 62
If u=x tan-l[lj— ¥ tan‘l(fj,then show that (i) ~—— = 2 and (ii) ——— = ——
X y oxoy x"+y Ox0y Oyox
Ifu=loge(x3+y3—x2y—xy2) , then show that u  +2u  +u , = —( 4 )2 .
’ x+y

2 62
If z= f(x+ct)+ ¢(x—ct), then prove that % =c’ 5 i .
X

2 2
Ifu = " cos(alog, r)Show ‘[hata—l;l+la—u+L2 0 L; =0
or- ror r-o0

2 2
if (a) u=x", (b) u:loge(x *y

Ou _ J'u
oxdy  Oyox’

Prove that j, (¢) u=sin™ (y/x)

xy

. a2 _
Prove that uyy +uy,, =0, if (a) u = tan l(xz i 2], (b)u=10ge(x2+y2)+tan Y(y/x)

Find the wvalue of »n so that the equationy=r" (3cos29—1) satisfies the relation

Q(rz 6‘})4- 1 @ (sin@ av):o. Ans:n = -3,2

or\" or) sin@oo\" a6
_ PRV _2
If Z=tan(y+ax)+(y—ax)?, Show that Zy, =a“Z,,,.
1 , 0%y

Ify= —e_xz/““z’ , Prove that@ =a —.
Jt ot ox
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1| o( ,00) _0d60 o
[ (r arﬂ_az' Ans:n=-3/2

_[r%t]

20. If x*y’z® =c, show that Z,, = —[XIOgg (ex):lil ,when x=y=z.

19. If 6=1"e , what value of n will make — 5
r

r2

21. Ifz:loge(ex+ey), Show that 7t —s* =0 where 7 =z,,, S=Zyp,1=2zyy.

22. If v=log, (x> +y* +z°), prove that (x> + )’ +zz)[vxx +v, "‘sz} =2.

2
23. Ifuzloge[x3+y3+z3—3xyz],showthat [i+£+ij u:_—gz.
ox 0y 0z (x+y+2)

24. If w=r",prove that w_+w, +w_ = m(m+1)r"? where r* = x>+ )" +2°.

25. Verify that v satisfies Laplace’s equationv, +v, +v_ =0 if
a) v=e""cos5z b) v=(x"+y’ +22)7% c) v=cos3x cos4y sinh5z

COMPOSITE FUNCTIONS

Total Derivative:

} ~ _ du _Ou dx  Oudy
DIfu=f(xy) where x=g(r)and y=y(r) then —-== ai oy di

Examples

1. Find the total differential of the following functions:
a) f(x,y)=xcosy—ycosx Ans: df (x,y) = (cos(y) + y sin (x))dx + (—sin(y) — cos (x))dy

b)) f(x,y)=¢e" Ans: df(x,y,z) = e*? yzdx + e*™? xzdy + e** xy dz

2. Find % for the following functions:

™_0 att=0

a) u=x"—y>, x=e'cost,y=e'sint at t=0. Ans:— =

b) u=x",wheny=tan"'t , x=sint
1

Ans:z—z = tan~2(t).sin (£)?" ©~1 cos(t) + log(sin(t)) . sin () ® T

¢) u=sin(e’" +y) , x=f(2),y=g()

Ans:% = cos[e/® + g(0)].eOf'(t) + cos[e/® + g(1)].g'(©)

d) u=tan'(y/x),x=¢ -, y=e'+e' ANS:—=—7"7
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1 ou  xt?(y-z)—-(y+z
e) u=xy+yz+zx,x:;,y:e’ and z=¢" AnS:E: ( tz (r+z)
f) u=x'ye’ where x=¢, y=t"and z=log, ¢ att=2. Ans:‘;—l:= 192 att =2
| X t 2 ou etcos(e—zt)(t—z)
g) u=sin| —|and x=e",y=t". Ans:— = —F——
y ot ¢

hy u=x"+y*+2z°, x=e", y=e* cos3t and z = e’ sin 3t Ans:‘;—l: =4u or 4(x% +y% +z?)
. The altitude of a right circular cone is 15¢m and is increasing at 0.2 cm/s . The radius of the base is

10cm and is decreasing at 0.3cm/s . How fast is the volume changing?

Ans: decreases by 73.267cm? /sec.

. Find the rate at which the area of a rectangle is increasing at a given instant when the sides of the
rectangle are 4 ft and 3 ft and are increasing at the rate of 1.5 fts™ and 0.5 fts™' respectively.
Ans:‘;—;1 = 6.5 ft?/sec.
. In order that the function u =2xy — 352 v remains constant, what should be the rate of change of y
w.r.t ¢, given x increases at the rate of 2cm/sec at the instant when x = 3cmandy = 1lcm.
Ans:% = —32 cm/sec.
. The temperature function for a bird in flight is given by T(x,y,z)=0.9x" +1.4xy+95z°. Find
approximately the change in temperature when head wind x increases from 1 meter per second to 2
meters per second, bird heart rate y increases from 50 beats per minute to 55 beats per minute and
flapping rate z increases from 3 flaps per second to 4 flaps per second.
Hint:dT = 7. dx + Z—i dy +5.dz Ans: dT = 573.08 units
. Elevation of land above sea level, H, depends on two map coordinates (x, y) in the following way:

—0.01(x2 +32 )

H (x, y) =e . A car travels thorough this terrain, so its coordinates depend on time in the

following way: x(7)=—-7+10cos(10r), y(¢)=4+10sin(10¢). Find the speed with which the altitude

of the car increases or decreases at 1 =0. Ans: ‘;—’: = —6.2304 units.

. If w=xy+z is the temperature at any point (x, V, Z) along a curve C with parametric equations
x=cost, y =sint, z =t . Find the instantaneous rate of change of temperature due to the motion along

the curve. Ans:‘;—‘: = cos(2t) + 1.
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8. The voltage V in a circuit that satisfies the law 7 = IR is slowly dropping as the battery wears out. At

the same time, the resistance R is increasing as the resistor heats up. Find how the is current changing

'R
at the instant when R = 600 ohms, I =0.04amp, Ccll_t =0.50hm / sec, and ci'_lz/ =—0.01volt / sec

Ans:% = —0.0001 amp/sec .

Partial differentiation of Composite functions:

D If uzf(x,y) where ng(s t) and y=h(s,t) then
Ou _Ou Ox Ou 0y d Ou Ou Ox Ou 0Oy

0s Ox 0s Oy Os ot ox Ot Oy Ot

2) If uzf(x,y,z) where ng(r,s,t), y=h(r S, t) andz=h(r s, t) then

Ou _Ou Ox Ou Oy Ou 0Oz Ou _Ou Ox Ou Oy Ou Oz d
or ox or oy or 0z or’ Os Ox Os Oy Os oz Os
ou 8u@ ou 0y Gu@
o ox ot oy 8t Oz Ot
Examples
ou 1%
1LIf u=x"—y*, x=2r-3s+4,y=—r+8-5 find 2 and 2- .
or Os
A 'au—4 +2 au_ 6 16
nsi—=4x+2y g5 = 6% y
2. IfW=u>v and u=e""", v:sin(xy )ﬁnd W ond
Ox oy
6W 2 2 aW 2 2
Ans:a= (Chined )2[4xsin(xy2) + yZcos (xy?) Ty (Chined )2[4}15ir1(xy2) + 2xcos (xy?)
3. Ifu=u y—x,z—x ,showthatxza—u+yza—u+zza—u=0.
Xy = xz ox oy 0z
4. IfuzF(x—y,y—z, Z—x),provethat 6_u+8_u+8_u:0.
ox 0oy Oz
5. IfuzF(2x—3y,3y—4z, 4Z—2x) prove that l@_qul@_qul@_u
20x 30y 40z
6. IfuzF(ey"z,eH, ) Find the value of 6_u+8_u+6_u
ox Oy Oz
ou , du , Ou
Ans a+£+£— 0
7. Prove that %—%_x%—ya— if z isafunctionof x and y andx=¢€"+e ", y=e"—-¢".
Ou Ov ox oy
8. If V=f(r,s,t) and rzﬁ,s:Z,t:E showthatxa—V+ya—V+ o =0.
y z X Ox Oy £
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9. If x=u+v+w,y=vw+wu+uv,z=uvw and F is a function of x, y,z show that
oF OF oF oF OF oF
U—=+v—+w—=x —+2y —+3z —
ou ov ow ox Oy oz
10.If z is a function of x and y andx =e" cosv, y =e"sinv.
Prove that (i) x%+ y% =e™ &
ov "~ Ou oy

@) — | +| — | =e — | +| =
Ox oy ou ov

I11. JACOBIAN

If u and v are functions of two independent variable x and y then the Jacobian of u,v w.r.t

u u
x,y is denoted by Mor gl |
o(x,) X,y

Vx Vy

Properties of Jacobian

1. If u,vare functions of x,yand x, yare functions of u,v.

0 0
= (1,9) and J'= () then JJ' =1
o(x,y) o(u,v)
2. If u,vare functions of r,s and r,s are functions of x,y then o(w,v) = O(u.) X 0(r.5)
o(x,y) 0(r,s) 0O(x,y)
3. Two functions u and v are functionally dependent if their Jacobian J ( LY=o
X,y
Examples
S ow,v) _1 2
1. Ifu = acosh xcos y, v = asinh xsin y Show that ——==—a"(cosh2x—cos2y).
g g ox,y) 2
2. Findmfor the following:
o(x,y,z)
2 . _ -3z Ouew) 3
a) u=x-, v=siny, w=e ~°. Ans: ays 6xe~3%cos (V)
2 2 2 _ _ Ouwyw) _
b) u=x"+y +z°, v=xy+yz+zx, w=x+y+z. Py
o u=x+3y" -z v=4x’yz, w=2z" —xy at(1,-1,0). Ans:% =20. at (1,—1,0).
o u=2P 3=, Y Ans: 282 — 96
x y z (xy.2)

3. Find 2052 22) ;¢
o(u,v,w)
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2

_u - _ _ L0xyz) _ 2 2
a) x= > , V=Uv, z=Ww. .a(u‘u‘w)—u + v-.
= = = .—a(x,y,Z) = u?
b) u=x+y+z, uww=y+z, ww=z, ) usv.

. Verify that

JJ'=1

a) x=e"“cosv, y=e"sinv.

a) u=x"-2y>,v=2x"-y> and x=rcos@, y=rsind Ans:

b) x=u(1-v), y=uv.
2 2
c) u=x+y—,v=y—
X X
d) x=u,y=utanv, z=w
X, X X, X, XX
e) y1=23’ 2231’ 3=12
X X X3
f) If x = e“sec(v),y = e* tan (v)
. FindMWhen,
o(r,0)

o(wv) _ d(uw) I9(xy)

b) u=x>—y*,v=2xy and x=rcosf, y =rsinf. Ans:ggr’g =473
¢) u=2xy,v=x>—y> and x=rcosf, y=rsinf Ans:gg’;; = —473
d) u=2axy & v:a(xZ—yz) and x=rcos@, y=rsinf Ans: ZEZZ; —4a?r3
oX,Y
. Find——>-~> K1) here X=uv Y=w’and u=x"-y’ v=yx
a(x,y) ’
IxY)

An

a(r,0) B(x y) a(r.0)

= 6r3sin (26)

2 2 .2 4 _ .4
S50y = 60XV (= yH(xt =y

Mx=~wvw, y=~wu, z=~uv and u =rsinfcosg,v=rsinf@sing, w=rcosé, calculate

8(}6, y,Z) Ans: 0(xyz) _ d(xyz) duvw) _ r2 sin(6)
a(r’ 0, ¢) ’ "9(r,6,0) O(uwvw) a(r0,0) 4
. Show that the following u & v are functionally dependent and hence find their functional

relationship. (Hint: If a(u U) =0 then,u and v are funtionally dependent.)

(1) uzx\/l—y +y\/1—x2 ,v=sin"'x+sin"'y Ans: v=sin"'u

.. + _
(ii) =X —tan ' x+tan' y Ans: v=tan'u
1—-xy
(iii) wu=e"siny, v=x+Ilog,(siny). Ans: v=1log,u
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TAYLOR’S SERIES FOR FUNCTION OF TWO VARIABLES

F(xy)=f(ab)+ (x—a)af(a’b)-g-(y_b)M}

Ox oy

+2l!_(x_a)2%+(y_b)2m+2(x—a)(y—b)M}

3! , 8 f (a,b)

Examples

Expand the following functions up to second-degree terms.

. f(x,y)=x"+xy+y*> in powers of (x—1)and (y-2).

Ans: f(x,y) =7+4x-1D+5(0-2)+(Cx—-1D2+ @y —-22+x—-1DEY —2) ...

. f(x,y)=1+x+y)" in powers of (x—1) and (y-1).

1 1
—5[(x—1)+(y—1)]+§[(x—1)2+(y—1)2+2(x—1)(y—1)]

Wl

Ans: f(x,y) =

. f(x,y)=¢e"cosy in powers of (x—1) and (y—%)_

Ans: f(x,y) =%{1+(x—1)— (y—%) +%[(x—1)2—(y—%)2—2(x—1)(y—%)]}

. f(x,y)=x" in powers of (x—1)and (y—1) and also find (1.1)".

Ans:f(x,y) =1+ -D+x-Dy—-1) .. = 11111

. f(x,y):tanl(%) in powers of (x—1) and (y-1).

m 1 1
Ans: f(x,y) =Z—§{(x— D-o- 1)}+Z{(x—1)2 - -1D*....}

. f(x,y)=x"+xy*+ " in powers of (x—1) and (y-2).

Ans: f(x,y) =13+ 7(x—1)+16(y—2)+3(x—1)?+7(y —2)?2 +4(x — D(y —2) ...

. f(x,y)=cot™ (xy) in powers of (x+0.5) and (y-—2) and hence compute f(-0.4,2.2).

T
Ans: f(x,y) = i 0.1625
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. f(x,y)=x"y+3y—2inpowers of (x+1) and (y—2).

Ans: f(x,y) =6—4{(x+ 1D - @ -2)}+2x+1D?-2(x+ Dy —-2) ...

. f(x,y)=sin(xy) in powers of (x—1) and (y - %)

2 1 2
Ansif(xy) =1-F - D~z (y-3) —3G-D(y-7)
f(x,y)=xy* +cosxy in powers of (x—1) and (y—%),

2

Ans:f(x,y)=%2+<%—g>(x—l)+(n—1)(y—g)+(y—g)2+n(x—1)(y—g) ......

f(x,y)=x"y+siny+e" about (I, 7) .

(x - 1)
2

Ans:f(x,y)=n+e+(2n+e)[(x—1)+ ]+2(x—1)(y—n) .....
f(x,y)=e"siny about (—-1,7/4).

Ans: f(x,y) =${1+(x+ 1)+(y—%)+%[(x+ 1)2 —(y—%)z +2(x+1)(y—%)]}

MACLAURIN’S SERIES FOR FUNCTION OF TWO VARIABLES

e 288, 268

B 2 2 2
[ Fr00), 700, #r(00)
21 Ox oy Ox0y
3 3 3
x3 a f(?,()) +y3 a f(?,0)+3x2y8 f(ZOaO)
W1 ox % ooy |
3! 3
+3xy2 0 f(O,ZO)
Oxoy
Examples

. cosxcosy in powers of x and y up to second-degree terms.

2 2

+y
2

Ans: f(x,y) =1—

. Expand ¢’ log, (1+x) in powers of x and y up to third-degree terms.

A = x2+ +x3 x2y+xy2
ns: f(x,y) =x > xy 3 > 7
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. Expand e“ sin by in the ascending powers of x and yup to third-degree terms.

a’bx?y b3yd
Ans: f(x,y) = by + abxy + -

6
. Find the Maclaurin’s expansion of e* log, (1+ y) up to third-degree terms.
~ 2 3 xly  xy?
Ans:f(x,y) =y 2+xy+3+ 2 o

. Expand log, (1 +x+ y) in the neighbourhood of (0,0) up to second degree terms.

1
Ans: f(x,y) = (x +y) —E(x +y)2

MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES

. A function z= f(x,y) is said to have a maximum or minimum at x=a,y=b as
f(a+hb+k)< f(a,b) or f(a+hb+k)> f(a,b)forall values of 1 and & .

. Necessary conditions for f(x,y) to have a maximum or a minimum at (a,b) are
fx(a,b)=0 and Iy (a,b)=0.

. Given the function z=f(x,y), the point (x,,¥,./(x,.»,)) is a saddle point if

fi(x0:34) =0, f,(x,,¥,)=0but f does not have a local extremum at (x,,y,).

local min local max saddle point

Working rule to find the maxima and minima of z= /(x,y)

. 16} . . .
1) Find 2—2 , Z and equate them to zero, solve these as simultaneous equations in x and y .
X

oy
Let (a,b),(c,d)..cccuuuc. be the roots of the simultaneous equations.

2 2 2
2) Calculate the values of » :a—f,s = or = 0 {
ox Ox0y oy

3)If rt—s*>0 and r<0 ar (a,b),f(x,y) has a maximum value.

for each of points.

4 If rt—s’>0 and r>0 at (a,b),f(x, ) has a minimum value.
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5)If rt—s*<0 at (a,b),(a,b)is a saddlepoint .
6) If rt—s>=0 at (a,b) then the case is doubtful and needs further investigation.

Examples
. Find the extreme values of the following functions:
a) f(x,y)=x +3xp> —15x" —=15y> + 72x.
Ans: Maximum Point (4,0), f(4,0) =120 and Minimum Point (6,0), f(6,0) = 108.
b) f(ry)=2(x" ~y?)=x" + ",
Ans: Max Point (1,0) & (—1,0),f(1,0) = f(—1,0) =1
Min Point (0,1) & (0,—-1),f(0,1) = f(0,-1) = —1.

3 3

a a
) fx,y)=xy+—+—
N

Ans: Minimum Point at (a,a) and f(a,a) = 3a®.
d) f(x,y)=x4+y4—x2—y2+1
1
Ans: Maximum Point (0,0) then f(0,0) = 1 and Minimum value, f(a,b) = o
e) f(x,y) =x"+2y"+3z2" - 2xy—-2yz -2
Ans: Minimum funtional value f(a,b) = 2z% — 2.
D fny)=xy'(1-x-))
1 1) 1

, , 11
Ans: Maximum Point (— —),then f(EE =137

2’3
g) f(x,y) =x 4+’ =3y-12x+20
Ans: Max Point (—2,—1) then f(—2,—1) = 38 and Mini value (2,1) then f(2,1) = 2.
h) f(x,y)=cosx cosy cos(x+y)

Ans: Minimun Point (g,g) then f(g,g) = —%

i) X+ +6x+12=0
Ans: Minimun Point (—3,0) then f(—3,0) = -3
D Sy =xt+y"=2x" +4xy-2y°
Ans: Minimun Point (+ V2, + \/Z) then f(+ V2, + \/Z) =-8
. Find the shortest distance from origin to the plane x—2y -2z =3

1 -2 1 -2
Ans: Minimun Point (5,?) then f(—,—) =
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. Find the points on the surface z* = xy + 1 nearest to the origin.

Ans: Minimun Point or the point near to the origin is (0,0,1).

. Find the shortest distance from origin to the surface xyz* = 2.

Ans: Minimun Point (+1,+1) and the shortest distance,d = 2units.

. Sum of three numbers is a constant. Prove that their product is maximum when they are equal.

a

aa
Ans: The three numbers are (5,5,5) and Product is maximum, value is >7

. Divide 120 into three parts so that the sum of their products taken two at a time shall be

maximum.
Ans:The value of 3 partsis (x,y,z) = (40,40,40)

. Examine the function f(x,y)=sinx+siny+sin(x+y), x,y €(0,7) for extreme values.

. _omm . oy 33
Ans: Maximum Point (§§) then funtional value is f (§§) = -

. In a plane triangle find the maximum value of cos 4 cos Bcos C where 4,B and C are the

angles of the triangle.

T
3

) ] ) ) T o 1
Ans: Maximum Point (5,—,—) then funtional value is f (555) = 7

. Find the minimum value of x*+ y* +z* given ax+by+cz=p

Ans: The minimum funtional value is = m.
A flat circular plate is heated so that the temperature at any point (x,y) is u(x,y)=x*+2y* - x.
Find the coldest point on the plate.

Ans: The minimum funtional value at (%, 0) is f (%, 0) = —0.25 or %

A rectangular box open at the top is to have a volume 108 cubic meters. Find its dimensions if
its total surface area is minimum.

Ans: The Dimensions for the minimum Surface area is length = breadth = 6m, height = 3m.
The temperature 7' at any point (x, y,z)in space is T (x, y,z) = kxyz® where k is a positive

constant. Find the highest temperature on the surface of the sphere x* +y* +z° =a*.

ka*
Ans:The highest temperature value is = R

Assume that you are in charge of erecting a radio telescope on a newly discovered planet. To
minimize interference, you want to place it where the magnetic field of the planet is weakest.
The planet is spherical with a radius of 6 units. Based on a coordinate system whose origin is at
the center of the planet, the strength of the magnetic field is given by

M (x,y,z)=6x—y* +xz+60. Where should you locate the radio telescope?
Ans:The radio telescope should be located at either of the points (—4,4,2) or (—4,—4,2).



