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BMS COLLEGE OF ENGINEERING, BENGALURU-19
Autonomous Institute, Affiliated to VITU

DEPARTMENT OF MATHEMATICS

Dept. of Maths., BMSCE Unit - 2: Multivariable Calculus

For the Course Code: 22MA1BSMCV, 22MA1BSMES, 22MA1BSMME, 22MA1BSMCS

L. PARTIAL DERIVATIVES

_ x x
Let =/ (%) be a function of two variables * and > . If we keep Y as constant and vary

alone, then ¥ is a function of X only. The derivative of # with respect to X, treating V as
u X ou

constant is called the partial derivative of w.r.t and is denoted by one of the symbols ox ,
u, g LA y)= () Wy i Fey+Ay)- f(x.y)
, Thus Ox Ax0 Ax . Similarly Oy =0 Ay
Further % and Y% are also functions of g and Y , so these can further be differentiated partially
¥ Y i(a—uj:@ow 0(0u)_Ou oru 2[@]2 Ou oru
w.r.t. and . Thus@\ox/) o’ T ox dy) oxdy v , oy\dx) yox a

ofa)
and 9V \ 0y ? »r .

Examples

Vv o—xv. =—pHs B )\-12
1. Prove that ¥"» x =Y ifV—(l—zxy+y) )

2. Show thatWx + Wy +wz =0 if w=(y=z)(z-x)(x-y)
X+y
Uy +Uy, =u, if u= ¢

3. Show that oy ’ X e .

w—x2 + 2Z+22x Wy + Wy, +w, =(x+ +z)2
4. IEWEX YTy , prove that "x © "y T "z © Y .

=2z Xty + yuy, +zuz =0
5. If z x,show that .
6. Givenu:ercose cos(rsin@), y = ¢! €0s0 sin(rsin6) Prove that

ou 1ov ov -10ou
—=——and —=——
or ro6 or r 00.

2
N R g Y

7. If , Show that x Oy ox 0y,
L} ) = .

8. Show that ’ if v=(2+y?+22) é
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+b
= ™ f(ax—by) b 0% 2ape
9. If prove that Ox 0y
u=x"tan" [Zj —y*tan™ (fj
10. If X Y/, then show that
o’u 3 x> —y? ou B o’u
()x0 X’ +y" and(ii) OxQy yox,
_ 3 3 2 2
”_IOge(x ty —xy—xy) Uy +2u,, +u, =- 4 >
11.If , then show that (x + J’) :
z= flx+ct)+¢(x—ct) %z, 0%z
—=C
12.1f , then prove that or’ ax*
u:eagcos(aloger) &+18_u Lazu i
13. If Show that 8r2 ror 2 892
82u _ 82u
14. Prove that X0y~ OyOx _if
a) u= x”

2 2
uzloge(x *y j
b) xy

15. Verify that /xv =/yx when fle,y)=sin"(y/x)
16. Prove that “xx T¥yy = 0, if

2
u=tan1( nyzj
a) I

b) u=loge(x2+y2)+tan’l(y/x)

y=r" (300520—1)

17. Find the value of n so that the equation satisfies the relation

0( 20v 1 0(. ,0v
92, L9069 =0
ar('” 6rj+ Sin 0 ae(sm aej ,
32 _ 2
18. If £ = tan(y +ax)+(y —ax) , Show that Zxx =@ Zyy.
%e—x2/4a2t w_ 2 5_2‘,
t . Prove that Ot ox2 |

0= tne_r2/4t L{g(rz %ﬂ a9
20. If , what value of n will make P2 or or

Y=

19. If

= -1
21. If e c, show that Zw T —[xloge (ex)] , When

= XY 2 _ F=Zy S=Zy, =2z
22. IfZ_10g3<e e ),Showthat =57 =0 yhere = o %

v:loge(x2+y2+22) (x2+y2+22)[vxx+vyy+vZZJ:2
u= loge[x3 + y3 423 —3xyz}

24. If , show that [8

23. If , prove that

2
X+y+z)
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m m—
25. IfW:r , prove that Wxx+wyy W, =m(m+1)r ’ where V2=x2+y2+z2.

v _
26. Verify that  satisfies Laplace’s equation Vxx FVyy +vzz =0 ¢

a) v= e3x+4y cos5z

-1
b) v=(x2+y2+22) é

¢y Vv=cos3x cos4y sinh5z

II. COMPOSITE FUNCTIONS

Total Derivative:

u=f(x,y) x=¢(1)  y=w(r) du _Ou dx Ou dy
If where and then dt  Ox dt Oy dt
Examples

1. Find the differential of the following functions:
a) J(x,y)=xcosy—ycosx
2. floy)=e¥”

du
3. Find dt for the following functions:
a) u=x2—y2,x=etcost,y=etsint at t=0.
b) u:xy,wheny:tan_lt , X =sint

¢) u=sin(e* +y) , x=f(t),y=g(t)
g u=tan"(y/x), x=e' —e

t t

,y=¢e +e”
0) u=xy+yz+zx,x=1/t, y=¢" and z=¢"'

3 =
f)y u=x ye© Wherex=t,y=t2andz 10g@t,att=2.

du
4. Find dt and verify the result by direct substitution.
2

u=sin(£] andx=et,y=t .
a) y

2 2 2 2t 2t 2t
py U=X +y +z,x=e", y=e cos3t and z = e sin 3¢

L
2

u=sin"(x—y), x=3t y =4 du—3(l—t2)7 .
. Also verify the result by

5. If , show that dr
direct substitution.

6. The altitude of a right circular cone is I5em and s increasing at 0.2 cm/s . The radius of

the base is 10¢7 and is decreasing at 0.3 cm/s . How fast is the volume changing?
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7. Find the rate at which the area of a rectangle is increasing at a given instant when the sides
of the rectangle are 4 ft and 3 ft and are increasing at the rate of 1.5 fts' and 0.5 fts’
respectively.

) 2 )
8. In order that the function ¥ =2Xy—3Xx") remains constant, what should be the rate of
change of y w.r.t. t, given X increases at the rate of 2cm/sec at the instant when x = 3cm
and y = lcm.

Partial differentiation of Composite functions:

if 4=/ (%) where *=8&(5:1) and Y="(5:1) then
Ou _Ou Ox Ou Oy dau:au Ox Ou Oy

ds ox 0s Oy Os dt ox ot oy ot
Examples
u=x2—y2, x=2r-3s+4,y=-r+8s-5 ou anda—u
1. If find or os .
2 x2—y2 ) ow oW
W=u“v and u=e , v=sin(x — and—
2. If () nd o
Uu=u y—x,z—x ,showthatxza—u+y2a—u+zza—u:0
3. If xy Xz ox oy Oz
u:F(x—y,y—z,z—x) 6_u+6_u+8_u=0
4. If , prove that &x dy 0z
0z 0Oz 0z oz £ X y
5. Prove that Ou Ov Ox " 0y if isafunctionof and and
x=eél+eV, y=et-¢Y
y z oV ov oV

V=f(r,s,t) and r=£,s:—,t:— X—+y—+z—=0
6. If y z X show that Ox oy 0z
7. IfX=utv+w,y=vw+wu+uv,z=uvw gnd F is a function of *>J>Z show that
OF OF oF oF oF oF
U—+v —+w—=x —+2y —+3z —
ou ov ow ox oy 0z

zZ . . X _ o u _u
&. If 7 is a function of andyandx—e cosv, y=e smy,

x%er%:ez”@ (oY (ez ’ oul( Oz ' ez
ov Cou oy W) =e o) LG
Prove that (i) * y u v

Page 4 of 9



Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2
1. JACOBIAN

If U and V are functions of two independent variable * and V then the Jacobian ofu, v
w.r.to x,y is denoted by

e

Uy Lly

Vx Vy

Properties of Jacobians

1. If ¥,V are functions of ¥>J) and *,) are functions of %,V
720y g 209X e 21
o(x,y) o(u,v)
2. If Y,V are functions of ¥>§ and 7>S are functions of X,V then
o(u,v) 0O(u,v) 0(r.s)

o(x,y) 0(r,s) * o(x,y)
Examples

FindM
1. 0(x, y) for the following:
a) u=e'siny, v=x+log, (siny).
b) u=x+y, y=uv
x=acoshécosn, y=asinh&sing o(x,y) _ laz(cosh 26 —cos2n)
2. If Show that 9(&,n7) 2 .
Find O, v, w)
3. 0(x, y,2) for the following:
a) u:xz,v:siny, w:e_3z_
b) u=x>+y> 42> VEWFYZEIX W=Xx+y+z
¢) u=x+3y" -z ,v=4x’yz, w=2z" —xy at (1,-1,0).
A 2

>

d) X y z
XA X XA X X, X
a 9 b
yo2B, B0, 0 (y1y2y3):
g 2 3 G(x X x)
4. 1If , then show that 1°72°73
o(x,y,z)
5. Find O(u,v,w) if
x—uz_v2 =uv,z=w
a) 2 Y ’

b) u=x+ty+z u=y+z UW=z,

6. Verify that JJ'=1
a) X=e'cosy, y=e"sinv,
y rmuli-y), Y7
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w2l 22
c) X X

2 2
d x=uy=utanv, z=

w

Fing 20
7. o(r,0) when,
a) u:x2—2y2’\;:2x2—y2 and X:}"COSQ,y:I”SiHQ
b) u:xz—yzjvzzxy and X:}"COSQ,y:I”SiHQ

C) uzzxy’v:xz —yz and x=rcos0, y:I”SiIlO

u =2axy _ ( 2 2) x=rcosO, y=rsin6
d) & TNY T ) and
Findé(X,Y) X:uzv Y:uv2 u:xz—y2 vE
. 0(x,¥) where , and ,
9. Ifx=\/vw,y=\/wu,z=\/; and u =rsinfcosp,v=rsinOsing, w=rcos6
o(x,y,z)

calculate 0(r,0,9) .

-l PR | &
10, 1f 4= Xy/1=p* +y31-x ,v=sm X+sm oy , show that Y are functionally
dependent and find the functional relationship.
u=x+y v=tan" x+tan”' y u&v
11. If l-xy, , show that are functionally dependent and
find the functional relationship.

III. TAYLOR’S SERIES FOR FUNCTION OF TWO VARIABLES

A% (ab) A/ (ab)

f(x,y) =f(a,b)+Af(a,b)

2! 3! where
0 0
A=(x—a)— -b)—
(r-a) S+ (b 5
Examples

Expand the following functions upto second degree terms.

1. f(x,») = x2 +xy+y2 in powers of (x—1)and (y—-2).

y fuy)=0+x+»"" in powers of (x—1) and (y—1)
_ X :

f(x,y)=e" cosy in powers of (x—1) and (y—%)‘

3.
4 fxy)= x? in powers of (x—1) and (¥y=1) and also find (1.np" '
_ =1y ) : £(1.1,0.9)
,y)=tan in powers of (x—1) and -1
5. ) (4 pow (=1 (y ) Hence compute .

6. Sf(xp) =x° +xy2 +y3 in powers of (x-1) and (y—2)_
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7 f(x,y)= cot”! (xy) in powers of (x+0.5) and (¥—-2) 4nd hence compute
1(~04,22)

8. f(x’y)=x2y+3y_2inpowersof(x+1) and (V=2).
=gi x—1 _
9. fx.y)=sin(xy) in powers of =1 and (y %)

.2 x—1 _T
10. J(6p)=xp~ +cosxy in powers of ( )and (y /2)
1. SGy)=x"y+siny+e” gpoye (L7) |
12. f(x,y)=e'siny zpout (_1’”/4).

V. MACLAURIN’S SERIES FOR FUNCTION OF TWO VARIABLES

A%£(0,0) A3£(0,0)
_|_ + ......
2! 3! where

S (x,3)=71(0,0)+A4/(0,0)

Examples

1. COSXCOSY in powers of ¥ and V up to second degree terms.
y X
Expand € log, (1+x) i powers of  and 4 up to third degree terms.

3. Expand €” sinbyin the ascending powers of * and y up to third degree terms.

X
4. Find the Maclaurin’s expansion of € log, (1 ty ) up to third degree terms.
Expand log, (1 +x+ y) in the neighbourhood of (0,0) up to second degree terms.

IV. MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES

x=a,y=b

A function 2=/ (x,y ) is said to have a maximum or minimum at as

fla+hb+k)<f(ab) o f(athb+k)> f(a.b)gor all values ofh and k.
a,b)

Necessary conditions for / (x,y ) to have a maximum or a minimum at ( are

Jx (a,b) =0 .4 fy (a,b) =0
Working rule to find the maxima and minima of z=/(x.»)
Oz Oz x

1) Find ¥, 9 and equate them to zero, solve these as simultaneous equations in  and

Y Let (@.b).(c.d).cnn be the roots of the simultaneous equations.
-0z 00, 9
2) Calculate the values of o’ oxdy & for each of points.
3) If rt—s>0 and r<0 at (a,b),f(x,y)has a maximum value

4 1If rt—s*>0 and r>0 at (a,b),f(x,y) has a minimum value

5) 1f rt—s><0 at (a,b),(a,b)is a saddle point
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2
6) If 1t—s =0at () then the case is doubtful and needs further investigation.

Examples

1.

7. Examine the function

10.

11.

12.

Find the extreme values of the following functions:
a) Sf(xy)= x3 +3xy2 —15x2 —15y2 +72x

b) f(x,y)=2(x2—y2)—x4+y4
3 3
Sy =+ =+
c) X oy
d) x4+y4—x2—y2+1
e) x2+2y2+322—2xy—2yz—2

B SO =2y (1-x-y)

o) f(x,y)=x3+y3—3y—12x+20
h) f(x,y)=cosx cosy cos(x+y)

i) X’ + P +6x+12=0

4 4 2 2

) Sy)=x"+y  =2x"+4xy -2y

Find the shortest distance from origin to the planeX—2y -2z =3

. . 2 ..
Find the points on the surface 2~ = XV +1 nearest to the origin.

Find the shortest distance from origin to the surface XVz 2=2,

Sum of three numbers is a constant. Prove that their product is maximum when they are
equal.
Divide 120 into three parts so that the sum of their products taken two at a time shall be

maximum.

S y)=sinx+siny+sin(x+y) x,ye(0,7) for extreme values.

In a plane triangle find the maximum value of €08 4¢0s BcosC where 4,8 and C gre the

angles of the triangle.

. _ 2,22 . =

Find the minimum value of ¥ +» +Z given ax+by+ez=p

A flat circular plate is heated so that the temperature at any point (x,y ) is

2 2
u(x,y)=x"+2y" = X. Find the coldest point on the plate.

A rectangular box open at the top is to have a volume 108 cubic meters. Find its
dimensions if its total surface area is minimum.

A rectangular tank open at the top is to have a volume of 32 cubic meters. Find the
dimensions of the tank requiring least material for its construction.
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13.

k

r where 1S a

T(x, y,z) = kxyz®

The temperature at any point (%.2.2)in space is

. . 2 2 2 2
constant. Find the highest temperature on the surface of the sphere X +V +z° =a,

Errors and approximations

1.

10.

The diameter and altitude of a can in the shape of a right circular cylinder are measured
as 4 cm and 6 cm respectively. The possible error in each measurement is 0.1 cm. Find
approximately the maximum possible error in the values computed for the volume and

the lateral surface.

T=2r \/z
. The period of a simple pendulum is g , find the maximum error in T due to the

possible error upto 1% in / and 2.5% in &§.

A balloon is in the form of right circular cylinder of radius 1.5 m and length 4 m and is
surmounted by hemispherical ends. If the radius is increased by 0.01 m and length by
0.05 m, find the percentage change in the volume of balloon.

In estimating the cost of a pile of bricks measured as 2m x15mx1.2m , the tape stretched
1% beyond the standard length. If the count is 450 bricks to 1 cu. m. and bricks cost
Rs530 per 1000, find the approximate error in the cost.

The height /4 and semi-vertical angle &® of a cone are measured and from them A, the

total area of the surface of the cone including the base is calculated. If 2 and & are in

error by small quantities 64 and da respectively, find the corresponding error in the
p/1

o=—
area. Show further that if 6 ,anerror of 1% in  will be approximately
compensated by an error of —0.33 degrees in & .

. Find the percentage error in the area of an ellipse if one percent error is made in

measuring the major and minor axes.

If the H.P. required to propel a steamer varies as the cube of the velocity and square of
the length. Prove that a 3% increase in velocity and 4% increase in length will require an
increase of about 17% in H.P.

K ) K

1

—my
If the kinetic energy  is given by 2 , find approximately the change in  as
the mass 7 changes from 49 to 49.5 and the velocity vV changes from1600 to 1590.

The voltage V across a resistor is measured with an error /, and the resistance R is

k V2
, _ , w(V,R)=
measured with an error . Show that the error in calculating the power

V2 (2Rh - Vk)
generated in the resistor is R

The volume V , the pressure P and the temperature T of a perfect gas are connected by
the formula PV RT, where R is a constant. If T=500 and P=4000 then V=15.2 in
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appropriate units. Find the approximate change in P when T changes to 503 and V to
15.25.

11. The range R of a projectile which starts with a velocity V at an elevation & is given by

_ v’sin(2a) R v
g . Find the percentage error in ~ due to an error of 1% in  and an error
0of 0.5 % in &,
_8xll /
12. The torsional rigidity of a length of wire is obtained from the formula £rt U If s

decreased by 2%, 7 is increased by 2%, ! is increased by 1.5%, show that the value of
N is diminished by 13% approximately.
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