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Unit 1: INTEGRAL CALCULUS

Fubini's Theorem (First form)

If £(x,y) is continuous on the rectangular regionR:a < x < b,c <y < d, then

J.Rf(x,}’)dA=.[;dfabf(x,}’)dxdy=fab j;df(x,y)dydx

Fubini's Theorem (Second form)

Let £ (x, y) be the continuous function on the rectangular region R.

I. IfRisdefinedbya <x <b,g,(x) <y < g,(x), with g; and g, continuous on|a, b],

then I, f(x,y)dA = [ [ 227 £ (x, y)dydx

Il. If Risdefined byc <y < d,h,(y) < x < h,(y), with h; and h, continuous on|[c, d], then
h2(¥)

[ efGyyda =220 fx y)dxdy
The area of a closed, bounded region R in polar coordinate plane is A = ferdrdH

The volume of a closed, bounded region D in space is V = [ff ,aV

DOUBLE INTEGRALS
I. Evaluate the following:

1. folfol #@i_w. Ans:n;.

2. flzf: (xy + e¥)dydx. Ans: w.

3. f:flz %. Ans:log (g)

4. f fx xiid; : Ans:glog(Z).

5. [/, Vi 1+djf+xy2 Ans:Zlog(1 +V2).

6. J, f *(x? + y?)dydx. Ans: %

7. fllnsfolnye“ydxdy Ans:BE2 1y (8) + =
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I1. Evaluate the following over the specified region:

=

JJ ,xydxdy, where R is the region bounded by the circle x? + y? = a? in the first quadrant.

Ans: —

2. ffoy(x + y)dA, where A is the area bounded by the parabola y = x? and the liney = x.

Ans: —

3. J[xydxdy, where R is the domain bounded by x-axis, ordinate x = 2a and the curve

x? = 4ay.

4
a

Ans: —
3

4. ffDdexdy, where D is the domain in the first quadrant bounded by the hyperbolaxy = 16,

andthe linesy = x,y=0andx =8

Ans: 448

I11. Change the order of integration and hence evaluate the following:

1. f J-axdxdy

Y x2+y?

y2dydx

2. fofmm
3. f fx o dx

4, fof xxydydx

6. fomfoxxe‘xz/ydydx

7. fgf‘/ﬁ(x + y)dxdy

e dydx
8. f J oy

9. fo“fﬁ(xz + y2)dxdy

VaZ—xZ
10. foaf « xzw/a2 —x2 — y2dydx

11.f4“f2m

2/4a

12. fo fxz xydxdy

1 ,V2—x2 X
13. fO fx Wdydx

ma
Ans: —

2

ma
Ans: —.
6

Ans: =
8
Ans: i
24
Ans: 1
Ans: 1.
2
Ans:601/60.

Ans:e — 1.

Ans: 1 —1//2.

V. Evaluate the following by transforming into polar coordinates:

1. ff (x + y2)dydx

na
Ans:—
8
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© 00 _(.2,.2 b4

2. [, J, e (*+3%) dxdy Ans: -

3. f_33f0 9_x2\/x2 + y2dydx Ans: 9.

4. flf 1_yzexzﬂ’zdxdy Ans:g(e - 1).

5. f‘rf loge(x + y2)dxdy, where (a > 0) Ans:— (loga -1)

X a
fO fy detiy Ans?log(\/f + 1)

V. Area of the region using double integral
1. Find the area lying inside the cardioid » = a(1 + cos €) and outside the circle r = a.
Ans:a?(2 + m/4)

2. Find the area of Lemniscate r% = a?cos 26. Ans: a?

3ma?

3. Find the area of the cardioidr = a(1 + cos 9). Ans

4. Find the area which is inside the circle r = 3acos 6 and outside the cardioid
r =a(l+ cosh) Ans:wa?
5. Find the area lying inside the circle r = asin 8 and outside the cardioid r = a(1 — cos 6).

Ans:a?(1 — g)

TRIPLE INTEGRALS
V1. Evaluate the following:

1,22 7
1. fo fo | x*yzdxdydz Ans:
2. f_ccf_bbf_aa (x2 + y? + z%)dzdydx Ans:gabc(a2 + b?% + c?).
3. f 02 f 12 f Oyzxyzdxdydz Ans: 0
4. f6f 6—XJ* 6—X—Zdydzdx Ans- 18
5. f /2 fo Jz_dydxdz Ans:0.5113.
6. foa fo a2—z2 fow/az_y —z2 xdxdydz_ Ans: 32.;14
7. folfoxf0x+y (x +y+z)dzdydx Ans: g.
Vi—x2 —x2_v2

8. folfo 1 f(;/l vy xyzdzdydx Ans:%

1 V1-x2 J1-x2-y2  dzdydx 2
9. f f f \/ﬁ Ans: 3
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10. J _11f OZ J xx_+zz (x +y + z)dydxdz Ans: 0

a2 a2
11. folfolfoz Y xye?dzdxdy Ans:%(e - 2).
12. f04f02\/5f0 et ddedZ Ans: 8n

90.\‘.@.0" Pon =

VI1I. Evaluate the following over the region R bounded by the planes
x=0y=0z=0andx+y+z=1.

fffR(x+y+z)dxdydz. Ans:1/8
JIf pxyzdxdydz Ans:—.

dxdydz 1 5
fffR (txiyio)? Ans: 5 (log2 — g)

V1I1. Volume of the region using triple integral
Find the volume of the tetrahedron bounded by the plane g +24 5 = 1 and the co-ordinate

planes. A ns: ﬂ

Find the volume of the eII|p30|d — + + —=1. Ans: gnabc
3

Find the volume of the sphere x2 + y% + z2 = a?. Ans: 222

BETA AND GAMMA FUNCTIONS

Beta function is defined as

I'(n) =J e *x" 1dx, n>0.
0

Gamma function is defined as
1

f(m,n) = J x™ (1 —-x)"1dx, m,n > 0.
0
Properties:

I'(n) =2 fooo e *2x2n=1dx > 0.
'n+1)=nI'(n),n€R
Im+1)=n,ne¢Z"

T

'(mr(1—n) = prrvo 0<n<l1.
()=

Bl ) = e

ﬁ(m ) F(m+n)

f(m,n) = Zf (sm 0)2™ 1 (cos8)** 1dx, m,n>0

I X. Express the following in terms of Gamma functions:

foooe‘kxxp‘ldx,k >0 Ans: =P,
kP
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2. [P .

0 4x

3. [, 37 dx.

Unit 1: Integral Calculus

3
4(log2)5’

Vi

4,/log3

Ans:

Ans:

4. f x™[log, x]™dx, where n is an integer and m > —1. Ans: (=1)"n!/(m + 1),

5. fo x971 [loge G)]p_l dx (p > 0,q > 0).

6. [, e"t¥ 14t

r)

Ans: p

Ans: § I'(n)

X. Express the following in terms of Gamma functions:

1. fon/Z\/cot 6do.

2. fon/z (vVtan 6 + Vsec9)de.

3. folxm(l — x™)Pdx.

1 dx
“ o=

XI. Prove the following'

oo XM 1
1 T -n)=g ,glvenf
-x 2, —x* __T
2. foxe dxxfoxe dx_mﬁ'
/2 — T/2 do
3. fo \/s1n9d9><f0 i
1 x2dx s
4 foZmx ==
5 B(m+1n) _ B(mmn) _ B(mn+1)
) m T min n

© d
" and hence deduce the value of fo 24
nm 1+

T
ATLS.E

n | Vr(3)
7z 1 vy

1 T(E)r(+1)

n r(E4p+1)

V()

Ans:

Ans:—

Ans:
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