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Course: Mathematical Foundation for Civil and Mechanical Engineering Stream- 2
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Unit 1: INTEGRAL CALCULUS

Fubini's Theorem (First form)

If £(x,y) is continuous on the rectangular regionR:a < x < b,c <y < d, then

| fxy)a = f ' f ’ fey)dxdy = f b f " Fy)dyds

Fubini's Theorem (Second form)

If f(x,y) is continuous on the rectangular regionR.

(1) If R is defined bya <x<b,g.(x) <y < g,(x),with g, and g, continuous on[a, b], then

I o fGoyydA = [ [ 220 £ (x, y)dydx

(ii) If Ris defined byc <y < d, h;(y) < x < h,(y), with hy and h, continuous on[c, d], then
h2(¥)

[ fGoyyda=[7[,7 fx,y)dxdy
The area of a closed, bounded region R in polar coordinate plane is A = ferdrde
The volume of a closed, bounded region D in space is V = [ff ,dV

Mass of the lamina corresponding to the region R with variable density p(x, y) is given by m =
I xpCx,y)dxdy.

1. DOUBLE INTEGRALS

I. Evaluate the following: -

1,01 dxdy -Ei
1. fo fo —(1—x2)(1—y2)' Ans: "

21+4(e*—e?)
.————zf———ﬂ
4 2 dydx . 25

3. f3 fl E;:ESEI 14ns.log(éz).

4. f fx dydx Ans:glog(Z).

0 x24+y2
Sff
3

6. ff *(x? + y?)dydx. Ans: .

2. flzf: (xy + e¥)dydx. Ans

V1+x2 dydx

1+x2+y?

Ans:%log(l +2).
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Unit 1: Integral Calculus

In(8)2

Ans:———1In (8)+—

I1. Evaluate the following over the specified region: -

1. [J[ xydxdy, where R is the region bounded by the circle x* + y? = a? in the first quadrant.

a4

Ans: —
n58

2. ffoy(x + y)dA, where A is the area bounded by the parabola y = x? and the liney = x.

A J—
ns: 56

3. ffoydxdy, where R is the domain bounded by x-axis, ordinate x = 2a and the curve

2 = 4qy.

4
a
Ans:—
3

4. ffDdexdy, where D is the domain in the first quadrant bounded by the hyperbolaxy = 16,

and the linesy = x,y = 0 and x = 8.

Ans: 448

I11. Change the order of integration and hence evaluate the following: -

a raxdxd
AT

a y“dydx
2. fofmm
3. ff
4, fof xxydydx

5. f, fmﬂdydx

dydx

x 1+y4

6. fooofo xe ™ /ydydx

7. f3f‘/m(x + y)dxdy

e dydx
8. f fe oy
9. o[

x/a

10. foaf az_xzw/a2 — x? — y?dydx

11, f4af2\/H

x?/4a

(x2 + y?)dxdy

dydx
12.f0fx;xxydxdy

1 V2—x2
18, L

JTy dydx
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mwa
Ans:—

na?

Ans:—
6

T
Ans:—
8

Ans: 601/60.

Ans:e — 1.

3
Ans: -
8

Ans: 1 —1/4/2.
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Unit 1: Integral Calculus

V. Evaluate the following by transforming into polar coordinates: -

1.

2.

w

&

ol

o))

V. Area of the region using double integral

N f (@ + y)dydx
fo fo e~ (*+v) dxdy

fif;m,/xz + y2dydx
flfmex2+y2dxdy

ffﬂ—

o Iy e dudy

Ans: % (e—1).

log, (x% + y2)dxdy, where (a > 0) Ans:—— (loga -1

Ans: a?log(\/f +1)

1. Find the area lying inside the cardioid r = a(1 + cos €) and outside the circler = a.

Find the area of Lemniscate r% = a?cos 26.

Find the area of the cardioidr = a(1 + cos 9).

Ans:a?(2 + m/4)
Ans: a?

_3ma?

Ans

Find the area which is inside the circle r = 3acos 6 and outside the cardioid

r =a(l+cos@)

Ans: a?

Find the area lying inside the circle » = asin 6 and outside the cardioid r = a(1 — cos 9).

2. TRIPLE INTEGRALS

VII. Evaluate the following: -

1.
2.

3.

folfozflzxzyzdxdydz

f_ccf_bbf_aa (x? +y% + z?)dzdydx

f 02 f 1Z 1l Oyzxyzdxdydz
f6f 6—xf 6—x—zdydzdx

fffo \/Z—dydxdz

[ O I vivdya.

. folfoxfox” (x +y + z)dzdydx
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Ans:a?(1 — %)

Ans:Z

3
Ans:gabc(a2 + b?% + ¢?).
Ans: 0

Ans: 18

Ans: 0.5113.

3mwa*

" 64

7
Ans: -
8
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8. folfg/l_xzf(;/l_xz_yzxyzdzdydx Ans:4—18

0. [yl T e ans: ™

10. f_llfoz fxx_+zz (x+y+2z)dydxdz Ans: 0

11. f01f01f02—x2—y2 xye?dzdxdy Ans:%(e -2).
12. f:fozﬁf(;/mdydxdz Ans: 8m

VII1. Evaluate the following over the region R bounded by the planes
x=0y=0z=0andx+y+z=1.

1. fffR(x+y+z)dxdydz. Ans: 1/8
1
2. [If gxyzdxdydz Ans: .
dxdydz 1 _ E
3 Mk Ty Ans:3 (log2 —3).

IX. Volume of the region using triple integral
1. Find the volume of the tetrahedron bounded by the plane 2 + % + % = 1 and the co-ordinate

planes. Ans:%
2. Find the volume of the eII|p30|d = + + ==1. Ans: %nabc
3. Find the volume of the sphere x? + y? + z% = a2, Ans: 2%
3. BETA AND GAMMA FUNCTIONS
I. Express the following in terms of Gamma functions: -
® _kx.p-1 I
1. fo e XxP7ldx, k>0 Ans.k—p.
(00] x4’ 3
2. fO 4—xdx Ans.m.
X n—4x2 ,_m
3. [, 37" dx. Ans:

4. f x™[log, x]"dx, where n is an integerand m > —1.  Ans: (—1)"n!/(m + 1)**1 .

q-1 EAY [ ')
5. fox [loge (x)] dx (p > 0,q > 0). Ans: pr
6. fome‘tztzn‘ldt. Ans:;[‘(n)
I1. Express the following in terms of Gamma functions: -
/2 LT
1. fo Vcot0do. Ans.\/E

RG]

/2 T
2. [, (Vtan6 + Vsec6)de. Ans: 7 e
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1 m _ N\D 1
3. fox (1 —-x™)Pdx. Ans.n F(mT“+p+1)
var(5)
4, fo \/ﬁ Ans: 4FG)
I11. Prove the following' -
L Tr-n) == ,glvenfoo o Si:n and hence deduce the value of fo 1+y4.

-X 2 ,—x* —
2. foxe dxxfoxe dx—lﬁﬁ.
/2 n /2 do _
f VSlanQXfO N

1 x2dx 1 dx b1
4. f Vi—x* fO Vi+x? 4\/5'
(m+1,n) _ B(mmn) _ B(mn+1)
m T om+n n )

5 #

Dept. of Mathematics, BMSCE Page 5



