B.M.S. COLLEGE OF ENGINEERING, BENGALURU
DEPARTMENT OF MATHEMATICS

Dept. of Math., BMSCE Unit 1: Differential Calculus - 1

Polar Curves:
Angle between radius vector and tangent:
Ifr=f (0) , then the angle between radius vector and tangent is given by

dée
tang=r—.
¢ dr

1. If 4 be the angle between radius vector and the tangent at any point of the curve = f (9)

then prove thattan(¢) = ri—f :

2. Find the angle between the radius vector and the tangent for the following polar curves.

a) r=a(l+cosd) Ans:%+%.

b) r*=a’sin’@ Ans: ¢ =0

c) ! 1vecoso Ans: ¢=tan{1+e_ﬂ} .
r esind

d) r-cosmg=a" Ans:ﬂ'z_mg

3. Find the angle between the radius vector and the tangent for the following polar curves. And
also find slope of the tangent at the given point.

e) 2—razl—cosél at 0=27/3 Ans: ¢=2?”,tam//:\/§,-
f) rcos’(6/2)=a’ at o =27/3 Ans: ¢=%.
g) r?cos(20)=a Ans: ¢=%—29; wz%—@

Angle between curves:

Angle of intersection of two polar curves = angle of intersection of their tangents denoted by «

tan ¢, —tan
a=|¢,—¢| ortana = tang —tang,

1+tan g tan g,
4. Find the angle of intersection of the following pair of curves:
a) r=sin@+cos@, r=2sind Ans: %
b) r?sin20 =4 and r*> =16sin26 Ans: /3.
c) r=a and r=2acosé. Ans: /3.
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a L 2e
d r=—— and r=alogé Ans: tan > |-
log o 1-e
e) r=-29_ and rzi2 Ans: tan™'3.
1+60 1+6
f) r=a and r =2acosd. Ans: z/3.
g) r=23cos(d) and r =1+ cos(6) Ans: %

5. Show that the following pair of curves intersect each other orthogonally.
a) r=a(l+cosd)and r=b(1-cosd).

b) r=acosé and r=asiné.

c) r=4sec’(6/2) and r =9cosec’(6/2).
d) r"=a"cos(nd) and r" =b"sin(nd).
e) r’sin20=a” and r?cos20 =b*.

f) r=ae’ and re’ =b.

9) %=1+cos¢9 and 27b=1—cosa.

h) r=acoséd and r=asiné.

i) r-agandr=2
0

Length of the perpendicular from pole to the tangent for the polar curve:

=rsing or i—i+i(£j2
P= p> r2 r*\deo

p is the length of perpendicular from pole to the tangent
#1s the angle between radius vector and tangent
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1. If p denotes the length of the perpendicular from pole to the tangent of the curve r = f (9),

: 1 1 1(drY
then prove that p =rsin ¢ and hence deduce that —= =+

p° r2 r*lde
2. Find the length of the perpendicular from the pole to the tangent for the following curves
a) r=a(l-cosd) at O=r/2 Ans: a/\2
b) r=a(l+cosé) at O=r/2. Ans: a/\[2
c) r’=a’cos20 at 0=r. Ans: a
d) r’=a’sec20 at 0=r/6. Ans: a/\2.
e) 2—raz(l—cose) at 0=r/2 Ans: 2(a)
f) r=asec’(6/2) at 0 =r/3 Ans: 2a/+/3

Pedal Equation:

2
Relation between r and p, obtained using p=rsing or i:%+%[3—;j
r r

1. Find the pedal equation of the following curves:

a) r=ae’*, Ans: p=rsina
b) r(1-cos@)=2a Ans: p°=ar
c) r"cos(mg)=a" Ans: pr™t=a"
2
d) l=1+ec056’ Ans: iz:e_zl g.
r p | Ir

Curvature and Radius of Curvature

Curvature =x =

dy
S

: 1
Radius of curvature = p=—; x#0.
K

Cartesian Form:
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%
- : (L+yf) dy d’y
Radius of curvature (Cartesian form), p = ,Wherey, = ax and y, = o
Yz X X

2 1%

&)~

If y, > oo then L
dy?

Find the radius of curvature for the following curves:

a. The Folium x*+y* =3axy at the point (3%’3%)

b. Catenary y=ccosh(%) at (0,c).

2
2 _ a (a—x) . a
c. vy = at (a,0). Ans: 87,
a a a
d. «/§+ :\/aat —— 1. Ans: —
- a(35) &
e. y=4sinx—sin(2x) at x=2 Ans: %
2 4
32
f. r(l+cosf)=a Ans: (2r)
Ja
g. r'=a'"cosnd AnNs: a’ .
(n+1)r™
h. r=a(l+cosd) Ans: %x/Zar.
2 2
2. Find the radius of curvature for >+ =1at (a,0) and (0,b). Ans:
a~ b
3. Find the radius of curvature for y* =4ax at (x,y). Ans:
ax x Y 2 (2 %
4. If p isthe radius of curvature for y=—— then prove that [—] +(l) =(—'0J .
a+x y X a
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Polar form:
. . _ (r*+ rf)s/2 dr d?r
Radius of curvature in polar coordinates: p = ———+—; wherer,=— andr,=—
r’+2r°—rr, do do

Alternative:
Radius of curvature in Pedal form:

P dp
1. If p, and p, are the radii of curvature at the extremities of a chord through the pole for the

16a?

9
2. Show that for the curve r(1—-cos@)=2a, p° variesas r°.

polar curve r =a(l+cos@), prove that p; + p; =

2
3. For the cardioid r =a(1+cos®), show that £— s constant.
r
4. Find the radius of curvature at the point (r,8) for the curve r" =a"sinng.

: . I .
5. Find the radius of curvature for the curve — =1+ecos@at any point (r,0).
r

6. Write the p—r equation of the polar curve r" =a"sinn@ and find the radius of curvature
to the curve.
7.Find the pedal equation of the polar curve r = f (&)and find the radius of curvature at any

point (r,8)
(i) r=a(l+cos6) Ans: %JZar
(i) r=ae’" Ans: rcoseca
2
(i)  r2=a’cos20 Ans: &
3r
(iv)  r"=a"cosmd Ans: a—m_l
(m+1)r
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Parametric form:

Radius of curvature in parametric form:

) 9\302
E+vE) dx. dy _d* _d%
=—,Wherex1=—,y1=—,x2=—2,y2=—2
X1Y2 — X2 Y1 dt dt dt dt

Find the radius of curvature for the following curves:

1 x = 6t% —3t*; y=8t3

1. x=el+et y=el—etatt=0
5 X:acis(t); y:a3|tn(t)

3. x=aln(sect+tant); y =asect

4. x=1-t% y=t—t3; att=+1
5. x=2t°—t% y=4t3 att=1

6. Xx=a t—ﬁ 'y—at2
. 3|

7. x=Int); y= %(t +t‘1)

8. x=a(t+sint); y=a(l-cost) att=7
9. x=acost; y=asint

10. x=aln (tan [%+§D y = asec(0)

11. x=acos’t; y= asin’t

Self Study Topics:
Center of Curvature:

A point C on the normal at any point P of a curve distant p from it, is called the center of
curvature at P.

Calculus and Differential Equations Page 6



B.M.S. COLLEGE OF ENGINEERING, BENGALURU
DEPARTMENT OF MATHEMATICS

Dept. of Math., BMSCE Unit 1: Differential Calculus - 1
_ 1+ y? _ 1+ y?
x:x——( yl) and y=y+( yl)

Y, 2

Equation of the circle of curvature:

(x5 (-3 =

1. Find the coordinates of the center of curvature at (at2,2at) on the parabola y* =4ax .

2. Find the coordinates of the center of curvature at any point of the parabola y* =4ax .

3. Find the circle of curvature at the point (a/4,a/4)of the curve \/§+\/§ =a.

4. Find the circle of curvature at the point (3/2,3/2)of the curve x*+y* =3xy.

5. Show that the circle of curvature at the origin for the curve x+y =ax® +by* +ex® is
(a+b)(x2 + yz):2(x+ y).

Evolute:

The locus of the center of curvature for a curve is called its evolute and the curve is called an

involute.

1. Show that the equation of the evolute of the parabola y* =4axis 27ay* = 4(x—2a)3.

2. Show that the evolute of the cycloid x =a(6—sin8),y =a(1-cos#) is another equal cycloid.

3. Show that the equation of the evolute of the parabola x* = 4ayis 4(y—2a)3 =27ax’.

4. Show that the equation of the evolute of the curve x =a(cost+logtan(t/2)),y =asintis
y=acosh(x/a).

2 2

5. Show that the equation of the evolute of the ellipse §+§ =1is

(aX 2/3 +(by)2/3 _ (a2 —b2 )2/3 .
6. Find the evolute of the following:
(1) Ellipse : x=acosé,y=Dbsing

(i)  Cycloid: x=a(t+sint),y=a(1-cost)
(iii) x=acos’t, y=asin’t
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