BMS COLLEGE OF ENGINEERING, BENGALURU
DEPARTMENT OF MATHEMATICS

Dept. of Math., BMSCE Unit 2: Differential Calculus - 2

. TAYLOR’S SERIES AND MACLAURIN’S SERIES

Taylor’s Series:- f(x):f(a)+z(x_a) f"(a) .

n=1

n!

Taking a =0 in Taylor’s series, we get Maclaurin’s series.

Problems:
1. Expand f(x)=2x>+7x*+x—6 in powers of (x—2).
Ans: f(x)=40+53(x~2)+19(x~2)" +2(x~2)’
X . 3 N (X_S)n
2. Expand f(x)=e*about x=3 Ans: f(x)=e ZT
n=0

3. Expand sin x in powers of [x—%j
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Ans: sinx =1 — (x _E) >
4. Expand cosx in powers of [x_%j

Ans: cosx=%—(x—%)?—(x—f)2%+(x_2)3ﬁ+...

5. Expand f(x)=log, x, about x =1.

_ (x=1)?
2

Ans: f(x) = (x — 1) +ia-12 -2 - 1+
6. Prove that Iogesinx=Iogesina+(x—a)cota—%(x—a)2cose02a+ ........... :

7. Expand tan~*x in powers of (x—1) up to four terms.

Ans: tan—lx:£+l{(x_1)_(x_1)2 _(X—l)s}
4 2 2 6

2
8. Expand f (x)=tanx about x:% Ans: f(x):l+2(x—%)+2(x—%) S

2
9. Expand f(x)=log, cosx about x=%Ans: f(x)=—|ogeZ—J§(x—%j—2(x—zj F s

Maclaurin’s series:-

1. Obtain the Maclaurin’s series expansion of the following functions:
(i) e~ (i) cosx. (v) coshx (vii) tan™x
(i) sinx. (iv) sinhx. (vi) sin™x
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2. Determine the approximate value of 7 using the Maclaurin’s series expansion of sin™ x

3. Obtain the Macluarin’s series of

a. f(x)=e"sin’x upto x°. Ans: f(x)=x2+x3+1x“—1x5+---.
6
b. f(x)=tanx. AnSZtanx:x+%x3+l£x5+ .......
2 2x® 9x® 35x°
c. f(x)=e"log, (1+Xx). Ans: y= x4+ 42X 2% 4
(x)=e"log, (143 joxr X 20 00 3
2 4

sinx

d. e™up to the term containing x*. Ans: € :1+X+7_E+""

4. Expand the following functions in ascending powers of X.

3 5
(i) log, (1+x) and hence deduce that log, /T—X=x+%+%+ ......... .
—X
2 4 6
i) f(x)=log, secx upto x°. Ans: f(x)=2+X 42X 4
(i) (x)=log, upto x (x) RETRTH
(iii)y f(x)=a". Ans: ax:1+xlogea+%(xlogea)2+---+1(xlogea)"+---
n
(iv) f(x)=e* sinbx in ascending power of x . Ans:
b(3a’® —b?
eaxsinbx:bx+abx2+gx3+.....
. l 3 2 5
(v) f(x)=tanx. Ans:tanx =X+ x>+ =X +.......
3 15
. X X 11 1%
(vi) f(x)= © — upto x* Ans: © — =X
1+e 1+ 2 4 83!
. x* x* x
5. Prove that +/1+sin2x :1+X_?_F+ﬂ+ ......

6. Using Maclaurin’s series expansion, show that
2x° x* _22x_5 X’

(i) e*cosx=1+x-—"—"-222 22 .
3 4 7

. i 2 ¢ X

1] log (1+SinX)=X——+———+........

(if) ge( ) 2 6 12

X X 4

i) log. (1+e*)=log2+—+———+........

(i) log, (1+€*)=1log AT
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. PARTIAL DERIVATIVES

Let u= f(x,y) beafunction of two variables x and y . If we keep y as constant and vary x
alone, then u is a function of x only. The derivative of u with respect to X, treating y as

. . N . ou
constant is called the partial derivative of u w. r.t x and is denoted by one of the symbols =

ou f(x+Ax y)-f(xy) f(xy+ay)-f(xy)

u, Thus = =u, = lim . Similarly 8_u:u = lim

X A0 AX oy LANYANG) Ay
Further u, and u, are also functions of x and y, so these can further be differentiated partially
0 (ou)_ odu d(ou) o 0 (ou) &%
..t.X d .Th——:— —_— — = , — | — | =
W. r and y usax[axj PV Of Uyy , ax(ayJ Xy or Uyy 6y(axj ayox or Uyy
o(ou) o
and —| — [=—— Or Uyy.
oy\oy) oy
Examples

1. Provethat yv, —xv, =—y?v® if V=(1—2Xy+yz)_ﬂ2'

2. Show thatwy +wy +w; =0 if w=(y-2z)(z-x)(x-Y).
X+y

. e
3. Show that uy +uy =u, if u= .
X eX 1 e
4. Ifw:x2y+y22+22x,provethath+wy+wz=(x+y+z)2.
y z
5. Ifu==+—, show that xuy + yuy, +zu, =0.
7 X x +Yyuy z

rcose _ glcosd

6. Givenu=e cos(rsind), v sin(rsiné), Prove that

ou 1ov ov -1laou
—=—-—and —=——.
or roe or r 06
2
7. If (x+y)z:x2+y2,Showthat a_& =4|1-——-—|.
ox oy
8. Show that (v, )? +(v, f + (v, =v* if v=(x2+y2+22)_%.

9. Ifz= eax+by f (ax—by) prove that b@ + ag =2abz.
ox oy

10. If u = x* tan 1(Xj —y? tan 1(£j , then show that
X y

Calculus and Differential Equations Page 3



Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2
L 0%u xP-y? o’u %
() == nd (ii)
oxXoy X°+ y ox oy ayax
11. Ifu=log, (X’ +y*~x’y —xy), then show that u,, +2u,, +u,, = - 4 =
(x+y)
2 2
12.If z = f(x+ct)+¢(x —ct), then prove that 8_§:C2 0 i :
ot oX
a0 0%u 1ou 1 &%
13. Ifu=e*" cos(alog, r) Show that—+=—+— ] =0.
ore ror o0
2 2
14. Prove that a—:ﬂ, if
oxdy  oyox
a) u= xY

0) u-tog [
xy
15. Verify that fyy = fyy when f(x,y)=sin"*(y/x).
16. Prove that uyy +uyy =0, if

a) u=tan ‘1()(221(3;2 j

b) u=log, (X’ +y*)+tan™(y/x)

17. Find the value of n so that the equationv = " (30052 49—1) satisfies the relation

ﬁ(r2@j+ 1 a(u 95") 0.
or or) sin@ o6 00

18. If Z :tan(y+ax)+(y—ax)3/2, Show that Zxx=a22yy.

2
19. Ifv=—e X /4a t , Prove thatav 2 oV —
\/t_ ot OX
2
20. If =t"e™ " /4t,whatvalue of n will make —~ Q(ﬁ%] _99
p2lor\" or ot

21. If x*yYz% = ¢, show that Z,, —[X|Oge (ex)]il,when X=y=2.

2

22. If z:loge(e +ey),Showthat rt—s= =0 where r=zyy, s=zyy, t=zyy.

23. If v= |09e(X2 + y2 + 22) , prove that(x2 + y2 + ZZ)[Vxx +Vyy +sz} =2.

2
24. Ifu=|oge[ +y +12 —3xyz} show that (£+2+£j u=_—92.
ox oy oz (Xx+y+2)

25. If w=rM, prove that w,, +w,, +Ww,, = m(m +1)r"“2 where r2 = x2 + y2 +22_

26. Verify that v satisfies Laplace’s equationvyy +Vyy +Vzz =0 if
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Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2
a) v= 63x+4y cos5z
b) v=(x2+y2+22)_y2
c) V=cos3x cos4y sinh5z

1. COMPOSITE FUNCTIONS

Total Derivative:
du _ou dx  ou dy

= f = = dat '
If u=f(xy)where x=g(t)and y=y(t) then === dt oy dt

Examples

1. Find the differential of the following functions:
a) f(x,y)=xcosy-ycosx

2. f(x,y) —eV?

3. Find (é—ttj for the following functions:
a) u=x2—y2, x=etcost,y=etsint at t=0.
b) u=x7, Whenyztan_lt , X=sint

0 u=sine®+y) , x=1f(t),y=g(t)
o U —tan*(y/x), x=e'—e™", y=e' +e"
U=Xy+Yyz+zx,x=1/t, y=e' and z=¢"

f) u:x3yeZ where x =t,y=t?and z=log,t, att=2.

4.  Find (ji_ltj and verify the result by direct substitution.
a) u :sin[% and x:et, y:tz.
b) u=x>+y?+2°, x=e*, y=e*cos3t and z =e*sin3t

1
5. If u=sin*(x—y), x=3t, y=4t>, show that 3—1]:3(1%2)2 . Also verify the result by

direct substitution.

6.  The altitude of a right circular cone is 15cm and is increasing at 0.2cm/s . The radius of
the base is 10cm and is decreasing at 0.3cm/s . How fast is the volume changing?

7. Find the rate at which the area of a rectangle is increasing at a given instant when the sides
of the rectangle are 4 ft and 3 ft and are increasing at the rate of 1.5 fts* and 0.5 fts?
respectively.
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8. In order that the function u :2xy—3x2y remains constant, what should be the rate of

change of y w.r.t. t, given x increases at the rate of 2cm/sec at the instant when x = 3cm
andy = 1cm.

Partial differentiation of Composite functions:

If u=f(x,y) where x=g(s,t)and y=nh(s,t) then
ou _ou ox auay andau ou ox  au oy

ds ox os 8yas dt ox ot oy ot
Examples
1. If u=x2—y X=2r-3s+4,y=-r+8s-5 fde—uandg
x2_y2
2. fW=u?v and u=eX"Y , V=sin(xy )flndﬂ and%
OX oy
3. Ifu=u u,z— showthatx26 yzau 26—U:O.
Xy = Xz OX oy oz
4. fu=F(x-y,y-z,2- )provethat(9—l14r(3\—l14r6—u 0.
oXx oy oz
5. Prove thatg—@: @—ya— if z isafunctionof x and y and
ou ov ox "oy
x=el+e ™V, y=eY_¢g" .
6. IfV_f(rst)andr_5 S=X =—showthatxa—v+ya—V a—Vzo.
y z X OX oy 0z

7. If X=u+v+w,y=vw+wu+uv,z=uvw and F is a function of X, Y, z show that

oF oF oF oF oF oF
U—+V —4+W—=X—+2y —+3Z —
ou ov ow OX oy 0z

8. If z isafunctionof x and y andx =e" cosv, y =e"sinv.
2 2 2
Prove that (i) x—+ya e a (”)(az) a —e (gj +(@j
ov " au ay ay ou ov

V. JACOBIAN

If u and v are functions of two independent variable x and y then the Jacobian of u, v
w.r.to x, Yy is denoted by

o(u,v) uv) [Ux Yy
'—a(x,y) orJ(Tyj_
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Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2

Properties of Jacobians

1. If u,vare functions of X,y and X,y are functions of u,v
= o(uv) and J':a(x’ ) then JJ'=1.
o(x,y) o(u,v)
2. If u,vare functions of r,s and r,s are functions of X,y then
o(u,v) _a(uv) y o(r,s)

o(x,y) o(r,s) o(x,y)
Examples

o(u,v)
(X, y)
a) u=e*siny, v=x+log,(siny).
b) u=x+y, y=uv

1. Find

for the following:

o(x,y)

2. Ifx=acosh &cosn, y=asinh &sin ;7 Show that ———— = %az(cosh 2&—c0s2n).

o(&,m)

3. Find Mfor the following:
a(x,y,2)

a) u:x2, v=siny, W:e_BZ.
b) u=x®+y2+z%, V=Xy+YyZ+2X, W=X+Yy+Z.
¢) u=x+3y*—z%v=4x’yz, w=2z>—xy at(1,-1,0).

d)
y A
X X (Y4, Vs,V
4. I Y17 2X37 y2=X3Xl, y3=£,thenshowthat M
g ) X3 8(x1,x2,x3)
5. Find 2022 g
o(u,v,w)
u2 —v2
a) X= JY=uv, z=w.

2
b) u=X+y+z,uv=y+z,uw=2,

6. Verifythat JJ'=1
a) x=e"cosv, y=e"sinv.
b) x=u(l-v), y=uv.

2 2

C) u=x+y—,v=y—.

X X
d) x=uy=utanv,z=w

Calculus and Differential Equations
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Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2
7. Find M when,
o(r, 0)

a) u=x>-2y*v=2x>—y®and x=rcosé, y=rsiné
b) u=x*>—-y?v=2xyand x=rcosé, y=rsiné
C) u=2xy,v=x’—y?and x=rcosé, y=rsiné

d) u=2axy & v=a(x2—y2) and x=rcosd, y=rsin @

8. Findehere X :uzv,quv2 and u=x2—y2 V=YX
a(x,y) !
9. Ifx=~wW, y=+Wu, z=+uv andu =rsin &cos v =rsin &sin ¢ w=rcos &,
calculate M
o(r,6,9)

10. If u=x1-y® + yv1-x*, v=sin " x+sin "y, show that u & v are functionally
dependent and find the functional relationship.

11, Ifu=2"Y
1-xy
find the functional relationship.

, v=tan " x+tan'y, show that u & v are functionally dependent and

V. MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES

A function z=f(x,y) is said to have a maximum or minimum at x=a,y=b as
f(a+h,b+k)< f(ab)or f(a+hb+k)> f(ab)forall values of h and k.
Necessary conditions for f(x,y) to have a maximum or a minimum at (a,b) are

fy(a,b)=0 and fy(a,b)=0.

Working rule to find the maxima and minima of z=f(x,y)
1) Find Z—Z, Z—Z and equate them to zero, solve these as simultaneous equations in X and
X oy
y.Let (ab),(c.d).......... be the roots of the simultaneous equations.

2 2 2
2) Calculate the values of rza—f,s= of ,t:a z
ox oxoy' oy

3) If rt—s*>0 and r<0 at (a,b), f(x,y)hasa maximum value.

for each of points.

4) If rt—s*>>0 and r>0 at (a,b), f(x,y) hasa minimum value.
5) If rt—s’<0 at (a,b),(a,b) is a saddlepoint.

6) If rt—s’=0 at (a,b) then the case is doubtful and needs further investigation.

Examples

1. Find the extreme values of the following functions:
a) fxy)= x3 +3xy2 _15x2 —15y2 +72X.
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Dept. of Maths., BMSCE Unit - 2: Differential Calculus - 2

b) f(x, y):2(x2—y2)—x4+y4.
3 .3
c) f(x,y):xy+a?+a—

d) x4+y4—x2—y2+1

e) x2+2y2+322—2xy—2yz—2
=Xy a-x-y)

9) f(xy)=x"+y’-3y-12x+20

h) f(xy)=cosxcosy cos(x+Y)

i) X*+y*+6x+12=0

) f(x,y):x4+y4—2x2+4xy—2y2

2. Find the shortest distance from origin to the plane x—2y -2z =3.

3. Find the points on the surface z? = xy +1nearest to the origin.
4. Find the shortest distance from origin to the surface xyz* = 2.

5. Sum of three numbers is a constant. Prove that their product is maximum when they are
equal.

6. Divide 120 into three parts so that the sum of their products taken two at a time shall be
maximum.
Examine the function f(x,y) =sinx+siny+sin(x+y), x,y €(0,7) for extreme values.
In a plane triangle find the maximum value of cos Acos BcosC where A,B and C are the

angles of the triangle.

2 2

9. Find the minimum value of x +y2+z given ax+by+cz=p
10. A flat circular plate is heated so that the temperature at any point (X,y) is

u(x,y)=x*+2y?—x. Find the coldest point on the plate.

11. Arectangular box open at the top is to have a volume 108 cubic meters. Find its dimensions
if its total surface area is minimum.

12. The temperature T at any point (X,y,z)in space is T(X,y,z)=kxyz*> where k is a
constant. Find the highest temperature on the surface of the sphere x* +y® +z%> =a’.

Self Study Topics

Lagrange’s Method of Undetermined Multipliers

1. Avrectangular box open at the top is to have volume of 32 cubic ft. Find the dimensions of
the box requiring least material for its construction.
2. Givenx + y + z = q, find the maximum of x™y"zP.
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3. Find maximum and minimum distances from the origin to the curve 3x? + 4xy + 6y? =
140
4. Find the maximum and minimum distances of the point(3,4,12) for the sphere x? + y? +
z% =4,

5. Show that the rectangular solid of maximum volume that can be inscribed in a sphere is a
cube.

6. Atenton asquare base of side x, has its sides vertical of height y and the top is a regular
pyramid of height h. Find x and y in terms of h, if the canvas required for its construction is
to be minimum the tent to have a given capacity.

7. Find the volume of the greatest rectangular parallelepiped that can be inscribed in the

ellipsoid z—z + Z—j + i—i =1

8. Awire of length b is cut into two parts which are bent in the form of a square and circle
respectively. Find the least value of the sum of areas so found.

9. Find the dimensions of rectangular box of maximum capacity whose surface area is given
when (a) box is open at the top (b) box is closed.

10. Find the volume of the largest rectangular parallelepiped that can be inscribed in the
ellipsoid of revolution 4x2 + 4y? + 9z2 = 36.

11. Find the length and breadth of a rectangle of maximum area that can be inscribed in the

ellipse 4x? + 9y? = 36.

Euler’s Theorem

1. Verify Euler’s theorem for
a) Jx2+y
b) cos™?! (5)

y
c) (ax + by)3/?
d x*y?/(x+y)
e) (x*+xy+y»)!
1 1 logx—logy
I Zte T e
g) ax?+ 2hxy + by?
h) x*(x* —y?)*/(x* +y%)?
— ojin—1% -1y ou L% _
2. Ifu=sin 5 + tan o provethatxax +yay =0
-1 Xty

Vx+yy'
4. Ifu=e* %Y’ then prove that xg—z + yg—; = 3ulogu

ou Ju 1
3. Ifu=cos prove thatxa+ya— —cotu

20y 4 w21 (X _ 2 2 _
5. Ifu=y“ey +x“tan (;), Show that xu, + yu, = 2u & X uyy + 2XyUy,, + Y Uy, = 2u

0%z
oxdy

2
6. If z is a homogenous function of degree n in x and y, show that x? % + 2xy +

62
y? 6_}12 =n(n—-1)z

622 2 622
0x0y Ty ay? 0

7. fz=x¢ G) + (%), prove that x? 2—: + 2xy

e B and 224 2y P22
8. Ifu=tan™ == prove thatx 7=+ y o= = sin2u and x* 55 + 2xy = + y* 55 =

2 cos3u sinu
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