UNIT 5

ORDINARY DIFFERENTIAL EQUATIONS OF HIGHER ORDER

Solve the following Homogeneous Linear Differential equations with constant
coefficients:

2

dy dy —3x 4x
1. ——-——-12y=0 Ans: y=ce "7 +c,e

dX2 dx y y Cl 2

" " ’ _ B _ —X 2X 3X
2. y'-4y"+y'+6y=0 Ans: y=Ce " +Cye"" +Cge
3. (D’-4D+1)y=0 Ans:y=c e 4 el

y"' —6y”+11y' -6y =0, y(0)=0, y'(0)=0,y"(0) = 2. Ans:y =e*—2e* +e*
5. y'—-4y'+4y=0, y(0)=3,y'(0)=1 Ans:y =(3-5x)e’

d’y ,d% .dy 2\ X
6. -3—5+3—-y=0 Ans:y= CHX+CoX“)e

o Ca dx y=(eFepx+egh®)
7. (D2 +13 =0 Ans:y=(c, +C,X+C x2)cosx+(c +CX+C x2)sinx
' y= Y =G FeXHC 45X+ Cq

3
8. d—+x 0 Ans: x:cle_t+ c cos£+c smﬂ v2
9. y"-2y'+10y=0, y(0)=4, y'(0)=1. Ans: y=e"(4cos3x—sin3x)

Solve the following non-Homogeneous Linear Differential equations with
constant coefficients:

Case |: When X =&

2 3x . 2ix —2ix\, 1 3x
1. (D 4) =€ Ans: :( e~ +c e )+—e
+4)y y=(c ) E
2
2. d—g dy+9y 663X 1 76 _log2+ 3"
dx dx
. 253x , 1 —2x _1 3
Ans: y=(c, +C,X +3x“e e ——IogZ+
(Cl 2 ) 5 9 (log, 3)" - 6(log, 3) +9
2 i _ J/3x V3x | x/2 |, 1 X
3. (D —D+1)y_smhx Ans: y= [C1C057+025'n ; J 6(3e )
2 4 =X C oy —X _ay2,—X
4. D(D+1)"y=12e Ans: y_c1+(c2+c3x)e 6x“e
2
5. u+4dy+5y=—2coshx, y=0, ﬂzl at x=0
ax? X dx
X X
Ans: y:§e_2X(cosx+35inx)—e——e—
5 10 2



Problems on Case Il : X =cosax or sinax

1. (D2+4)y=sin3x+0052x. Ans: y:c10052x+czsin2x—%sin3x+isin2x
2 2X

2. OI—%/+20|—y+y=e2x—c052x Ans: y=(c1+c2x)e_x+e——£—£sin2x+ic052x
dx dx 9 2 25 50

3. (D*+5D-6)y=sin4xsinx

o Sin 3x —cos 3x N 31cos5x —25sin5x
60 3172

Ans: y= <:1eX +Coe

4. y"+4y'+4y=3sinx+4cosx, y(0)=1and y'(0)=0 Ans: y=(1+x)e_2X+sinx

5. d—?g+2d—2g+ﬂ:e_x+sin2x
dx dxs dx
Ans: y:cl+(c2+c3x)e_x—xz2_x +%c052x—%sin2x
Problems on Case lll: X =x"
1. (Dz—l)y:2x4—3x+1 Ans: y:clex+c2e_x—[2x4+24x2—3x+49}

N

(DG—DA')y:xZ
Ans: y—( FCoX+CX2 4 C x3)+c eXice X £+ﬁ+x2+2
' ¢ *6 3 4 5 6 360 12

3. (D?+4D+4)y=x2+2x y(©)=0, Y(©)=0 Ans: y:—%(1+2x)e_zx+%(2x2—1)

4. (D—2)2y:8x2 Ans: y=(cl+c2x)e2X+2x2+4x+3

o

(D2 +2)y= x3 +e72% 4 cos3x

ANS: y = (¢, €0S+/2X+C, i ﬁx)+%[x3 —3x}+%e‘2x —%cosBx



Method of variation of parameters

2
1. d—%/+y:secx Ans: y=c1cosx+c25inx+cosx|og(cosx)+xsinx
dx
d2y 1 . . . :
2. —tY - Ans: y:clcosx+c25|nx+smxlog(1+smx)—xcosx—1+smx
dx 1+sin x
d%y dy .. 2x 1 x
3. —2—2—:e sin x Ans: y=¢ +Ce""—-e sin X
dx dx 2
4, M—sdy f2y=—
dx2  dx 1+e
Ans: y:(ex +e2x)log(1+ex)+(cl—1— x)ex+(cz—x—1)ezx
5. (D2+2D+1)y=e_xlogx.
Ans: y=ce " +Cyxe X+£[1—Ionge_x+xe_X(ongx—x)
“a 2 \2
6 d—Zy—y= 2 Ans: y:clex+c e X ~1+eXlog(e™* +1)—e X log(e* +1)
o2 (1€ ?

7. y' -6y +9 _e3_x Ans: —( +C x)egx—e3X(1+Io X)
- Yy by +39y= 2 Y=IGT0 g
8. y'—2y'+2y=eXtanx Ans:y:(clcosx+c25inx)ex—excosxlog(secx+tanx)

d2y 2 X
9. —5+a”y =cosecax ANs: y=|C ——|COSax+|C,+ logsin ax |sinax
dx2 a 2 a2
2
2 X . X, X X
10.(D -2D 1) =e” log x Ans: y=|c, +cx|e” +—e” (2logx—3
+1)y=e*log y=(cy +epx)e* + ¥ (2logx-3)

LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

Cauchy’s linear differential equation:

1.

2.

3.

4.

2 c
KOy L Ans: yzclx2+_2+1(x2_ljlogx
dx X X X 3 X
2d y dy 1 _ 1 1
+3X—+y= Ans: y=|¢ +C,logx|=+1-=
dx2 dx Y= 1-x2 g (Cl 2% )X X’
X
C,+e
2d 2y+4xdy+2y:ex Ans: y:i+@
dx dx X X
2
247y dy e a2 3 B
dx2 4xdx+6y_4x 6 Ans: Yy =¢ X" +CyX +2x-1



Legendre’s linear differential equation:

2
2d%y dy
1. (2x+3)" —2-2(2x+3)=L-12y =6
(29 S -2(20s3) 12y =6
Ans:y= 4 +cC (2x+3)3—i(2x+3)+§
(2x+3) 2 16 4
2 (1+x)2d—2y+(1+x)ﬂ+ =sin[2log(1+ x)]
' dx? dx Y= J

Ans: y= ¢, cos log(1+ x) +C, sinlog(1+ x) —%sin[ZIog(1+ X)]

w
o
w
<
o

3. (x-1) _+2(x_1)2ﬁ_4(x_1)

dy
+4y=4log(x-1)]
dx2 d

X

Ans: y:cl(x—1)+c2(x—1)2 +c3(x—l)_2 +log(x-1)+1

4, (x+2)2y”+3(x+2)y’—3y:0 Ans: y:cl(x+2)+02(x+2)_3
2
5, (3x+2)2%+5(3x+2)%—3y:x2+x+1
1/3 1 2 1

Ans: y=c,(3x+2)

-1 1
+02(3x+2) +E[E(3X+2) +Z(3x+2)—7}



