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Review of systems:

Review of first order system:

Examples:

1.

4.

Aim:

Liquid tank system

!

Ad =F'—F
at ¢

Change of height of the tank (output) and change of inlet flow rate (input) related by a
first order differential equation.

Thermometer & thermocouple

!

dT . .
meE = hA(Ta - T)

Change of thermometer temperature (output) and Change of environment temperature
(input) related by a first order differential equation.

Mixing process

awyy_
dt q qy

Change of solute outlet concentration (output) and Change of inlet concentration (input)
related by a first order differential equation.

Stirred Tank Reactor

How output varies with time when system experienced change in input.

Definition: Any system whose input and output are related by a first order differential equation
is called first order system.

General form of first order system:

dy’+b "=cf'(t
a—+by' =cf'(t)
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Where, y=y—y, and f'(t)=f—-f
We need to know how y and f related each other
Apply Laplace transform to get relation between y and f

G atr=6)ro

!

dy
dt

Tp + y, = kpf,(t)

Apply Laplace transform
Tp[s7(8) = ¥' ()] + 7(s) = kpf(s)
y’(0) = 0 [ at steady state (t = 0) change of y and derivative of change of y is zero]

yis) Ky
f(s) Tps+1

= G(s),Where G(s) is transfer function

Transfer function: Transfer function is defined as the ratio between output and input in Laplace
domain

f’(¢) is the change of input. Convert /”(z) from time domain to Laplace domain and find y’(s)

ok
7©) = 5O

Apply inverse of Laplace and find y’@) [Change of y in time domain]

o f(s)
Unit impulsed(?) 1

Unit pulse u(t) 1/s

Linear t u(t) 1/s°

Quadratic t* u(t) 2/s°>
Exponential e® u(t) 1/(s+1)
Sin sin(at) u(t) al(s*+a’)
Cos cos(at) u(t) s/(s°+a’)

If /() =B u(t)
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k, B
(tps+1) s

- 1 1
y(s) = Bk, (s - W)

y(s) =

t
y(t)szp<1—e TP) t=>0

Special case:
Ifb=0;
d !/
“d_yt = of'(0)
dy’ )
i k,f'(t)
7) _ Ky
f(s) s
oy Ky 2
UORFSIO
If /() =8B
..k, B
y(s) = Tp—sg
y(t) = Bk,t
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Thermometer:

Assumptions:

1. All the resistance to heat transfer resides in the film surrounding the bulb (i.e., the
resistance offered by the glass and mercury is neglected).

2. All the thermal capacity is in the mercury. Furthermore, at any instant the mercury
assumes a uniform temperature throughout.

3. The glass wall containing the mercury does not expand or contract during the transient
response.

Apply energy balance in the thermometer,

The rate of flow of heat through the film resistance surrounding the bulb causes the internal
energy of the mercury to increase at the same rate.
dr
meC, i hA(T, —T)
T, = Environment temperature and T = Thermometer reading,

A = surface area of bulb for heat transfer
h depends on surrounding fluid flow and properties and bulb dimension.

At steady state, 0 =mC, % = hA(Tys — Ts)

In deviation form,

!

dT
mC,—— = hA(T,' — T")

P dt

<me) dT’ R
hA ) dt (Ta )

(me) dT’ Ty

hA ) dt ~a

T, 1A !

Tp E + T = kaa

Where, T, = ":l—fl’” and kp =1
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Ta(s)

T(s) = P
(5) TpS+1

T(s) Kk
T,(s) Tps+1

=G(s)

G (s)= transfer function of the system. It is ratio of the Laplace transform of the deviation in the

thermometer reading to the Laplace transform of the deviation in the surrounding temperature. It
relates the cause and effect.

If Ta'(t) = Bu(t)

T(t)=B<1—e_é> t>0

t
Note:%=<1—e ’p> t>0
p

()
. k -
Slope of graph % vs Ti s —k=e
P P az)
a(28 _t
Initial slope(B—':")Itzo =e 7l =1
az)
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Plot y(t) vs t/t:
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Note:
1At t= , y=0.632Bk,

2. If the initial rate of change of output were maintained, the response would be completed
in one time constant.

Take derivative w.r.t. time

Straight line with slope tl and originates from 0, P = Tlt
p P

P is 1 when t=1,
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Significance of time constant and steady state gain
Higher time constant — slower response (reaches new steady state faster)
At new steady state change of output is equal to change of input

Problem 1. A thermometer having time constant of 0.1 min is at steady state temperature of 90
OC. Attime t = 0, the thermometer is placed in a temperature bath maintained at 100 °C.
Determine the time needed for the thermometer to read 98 °C.

Solution:
Time constant t,= 0.1 min. Steady state temperature Ts = 90 oc.
Sudden change of temperature bath = change in input (step Input) B = 100 — 90 = 10 °C.

Ky= 1.
_t
T(t) = Bk, <1 —e Tp)

Need to find time when temperature rises from 90 to 98 °C.
Hence T(t) =98 -90=8°C
Therefore, 8 = (10)(1)(1 — exp(-t/0.1))

t=0.161 min

Problem 2. A thermometer of time constant 10 s, initially at 30 °C, is suddenly immersed into
water bath at 100 °C. How long will it take for the thermometer reading to reach 90 °C.

Solution:

We need to determine time when thermometer reading reaches 90 °C.
Hence T(t) = 90 — 30 = 60°C

B =100-30=70C

Therefore, 60 = (60)(1)(1 — exp(-t/10))
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t=19.5s.

Problem 3. When a thermometer at 30 °C is placed in a water bath at 90°C, the initial rate of rise
in thermometer temperature is found to be 2°C/s. What is the time constant of the thermometer?

What will thermometer read after one minute?
Solution:

B=60°C

T(t) =B <1 - e_é>

dT B B
Elt:o = (B/tp)e ™™o = T, =2

(60/7,,)(1) =2
7, =30s
After one minute (60 s) temperature

T =30 + (60)(1-exp(-60/30)) = 81.9 °C
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Response of first order system with impulse input:
Impulse function: Mathematically, the impulse function of magnitude A is defined as
X(t) = A5(t)

Where, AS(t) is the unit impulse function

A=0;1r<0
_ﬂ_
A= X D<i<h
o Al A=0:t=b
= b lim X{f) = Ad(1)
b—0
L{A8(n} = A
o2 0 b [
A first order system can be expressed as
v ky
(S)_(p—+1) (s)

With the application of impulse input of magnitude A

_ kp/Tp
S Py,

Ak, _, _
Y(s) = T—e‘ /™, Response decreases exponentially
P
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Response of first order system with sinusoid input:
The function is represented mathematically by the equation
X =0, t<o0

X =Asinwt, t=0

; .d_ﬁfr X=0t<0O
M-‘ X=Asin wt; t=0

- AF——-— Ais)= ':-11{';'_‘1
S s+
= 0 : N,

[

|

|

0 t

Y(s) = —2—X(s)
(ts+1)

X(s) = %, where, A is amplitude, w is frequency in radian, w = 2nf

f = frequency (cycles per time)

ky/t Aw
(s+1/1)5% + w?

Y(s) =

This equation can be solve for Y (t) by means of partial fraction. The result is

Awre T At A .
Y(t)y = — - — Cos@t + ——=——sinwt
rT-w- + 1 T~ +1 T-w- + 1

The equation can be written in another form applying the trigonometric identity

Awt _
e tr

Yff] = —w———¢ T
T m + 1 NT2w? + 1

sin(@t + @)

Where,
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¢ = tan” !

(—@T)
As t> oo, the first term on the right side of the equation vanishes and leaves only the ultimate
periodic solution, which is sometimes called the steady state solution

Y(e‘]|s = sin(wt + @)

A

>
" +1
Comparing the result with the input function, we see that

1. The output is a sine wave with a frequency @ equal to that of the input signal.

2. The ratio of output amplitude to input amplitude is 1/\-' r’w? + 1. This ratio is
always smaller than 1. We often state this by saying that the signal is affenuated.
The output lags behind the input by an angle ¢. It is clear that lag occurs, for the
sign of ¢1s always negative.$

L
L]

Response of first order system with Pulse input: (Scan)

Response of first order system with Ramp input: (Scan)

11
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Liquid tank system:

Assumptions: Constant liquid density, Outlet flow is linearly varies with tank level.

F;

Apply mass balance,

At steady state,

S

=4
0 dt

=Fis_hs/R

h"=h—hg, and F/'(t)=F, —F;,

!

Ly
o7~ i R/

!

A R = Fy
g ThH/R=F

Multiply both sides by ‘R’

Where, T, = AR and kp =R
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If F/' () = Bu(t)

R(s) = R B
&)= ARs+ D5
_ 1 1
h(S) = BR (; - m)

t
h'(t)=BR<1—e fp) t>0

The ultimate change in h'(t) for a unit change in input is ‘R’
h(s) = BR

R is simply the conversion factor that relates h(t) and Fo(t) when the system is at steady state.

This R is called steady state gain. This is the ratio between change of output and change of input

at steady state.

The above system is a self-regulating system because the output is limited for a sustained change
in input. For a sustained change in input the height will change with time till inlet and outlet flow

become same.

Relate inlet and outlet flow

A(s) = ——F,
(S)—ml(s)

Substitute h(s) = RE,(s)

If F’ (t) =Bu(t)
_ _t
Fo(s)=B<1—e TP) t=>0
Here, Kp,=1 (dimensionless) which is expected because the input and output variable have the

same unit.

Prepared by: Soumen Panda

13



Department of Chemical Engineering
BMS College of Engineering
Process Control Engineering

Special Case:
F;
F,=C
—>
A dh =F—-C
dt ¢
At steady state,
dh
dts = FlS

h'=h—hg and F/(t)=F,—Fg

1_
7(s) = =R

If Fi'(t) = Bu(t)

_ _ 1B
y(s) _A_SE
y(t) = Bt

Here response grows without limit for a sustained change in input. Such a system called non-
regulating system. A first order self-regulating system with infinite resistance behaves as non-
regulating system.

A(s) = o

S_(ARs+1)s
IfR > o

i_l()— R B_lB

S_ARss_Ass
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Mixing process:

Assumptions:
Well mixed system
Constant hold up
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q X

q Yy

Inlet flow rate = out let flow rate = g (volumetric rate)

Mole balance

At steady state

In terms of deviation

Assume V = constant

Where, T, =V/q

Linearization (Scan)

Prepared by: Soumen Panda

dy

— ===
qx —qy dt

dy
qxs — qys = Vd—:

awvy) )
dr qx —qy
aw’) , ,
Voo T
5(s) = ky, _
yis) = TpS + 1 ()

and kp =1
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Stirred Tank Reactor (STR)

Assumptions:
Well mixed system
Constant hold up

Department of Chemical Engineering
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Inlet flow rate = out let flow rate = q

First order reaction
Mole balance

At steady state

In terms of deviation

Taking Laplace transform

Ca(s)

dc,
chi - CICA - VkCA = Vd_t

dCys

qCais — qCas — VkCys = V?

S T
qCAL - CICA - VkCA = VW
Ca(s) _ q

Ci(s) Vs+(q+Vk)

k' q |

Cn(s)
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First order system in series:

Non - interacting:

Tank 2
Interacting:
F; ‘
F 3
F 3
R R
h 1 h
¥ ¥
Tank _M F, Tank |l><]_’
Non - interacting:
Apply mass balance in 1% tank at any time t-
dh, hy hq
AlE = F; — R—l, outlet flow F = R_1

At steady state
dhy
Aq _dt = Fis — his/Rq

In deviation form, above equation can be written as follow

Prepared by: Soumen Panda
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dh'y h'y

A =F;,——
bodt R’

Apply Laplace transform both side

hi(s)
R

1

Aq[shi(s) — hy"(0)] + = F(s)

(A1Rys + 1)h_1 = R1E(s)

_ R,

M= A RO

Similarly, apply mass balance in 2" tank at any time t-

dv', h, R,

27 = R_l RZ ) Where, hlz == h2 - hZS

Apply Laplace transform both side

ha(s) _ ha(s)

AZ[Sh_Z(S) —h,'(0)] +

R, Ry
(A,R,s + 1h, = k2 7
20828 2_(A1R15+1) (s)
_ R,

E(s)

h, =
27 (A4Rys + D(A3Rys + 1)

_ R,
h, =
27 (A4R1A,R,)s? + (A4R; + A,R))s + 1)

E(s)

_ R,

hy = (1172)8%2 + (11 + 12)s + 1) E(s)

_ R,

hy = (1252 + 21¢s + 1) Fi(s)

Prepared by: Soumen Panda
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T1+7T Arithmatic mean oftqand t
Where, T = /117, and { = (cat7y) : 1 £>1
24/T1T, Geometric mean of T and T,

Case 1:

T1 -_ptTZ

_ R, _
() = T Dt )

For a step change in input,

R, B ¢ C, Cs

hy(s) = (115 + D) (1,5 + 1); s * (115 +1) * (tzs+1)

Interacting Tank:

Apply mass balance in tank 1 and express equation in deviation form

'y, (W, =R,
A —t = Fi -
dt R,
AR, ——+h'y = RF'; + I,

dt

Apply Laplace transform both side
A1R1(5h_1(5) - hll(o)) + hy(s) = RyFi(s) + hy(s)

(A1R;s + Dhy(s) = RiFi(s) + hy(s)
R Fi(s) + hy(s)

M) == Rs D)
Apply mass balance in tank 2 and express in terms of deviation form

dhlz B (h11 _ hlz) hlz

e = R, R,
Multiply both sides by R, R,
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!

dh’,
A2R1R2

dt = Rz(h’1 —h') —RiH,

4

dh', ,
AleRZ ? + th 2 + th,2 = th,1
Apply Laplace transform both sides

AleRz[Sh_z(S) - hzl(o)] + (Ry + Rz)h_z = th_l
Substituted i,

R Fi(s) + hy(s)

A,R.R R)h, + R,h, =R
(A2R1R;s + Ry)h; + Ryh, 2 (A.Rys + 1)

Multiply both sides by (A;Rs + 1)
R1(A;Rys + 1)(A1Rys + 1hy + Ryhy(ARys + 1) = R{R,F;(s) + Ryhy(s)
Ri(A;R,s + 1)(A1Rys + 1)h, + A;R{R,shy + Ryhy = RiR,F;(s) + Ryhy(s)
Divide both sides by R,
(AR, + 1)(A1Rys + 1)h, + A;R,sh, = R,Fi(s)

-~ R, _
h, = F,
2= R + D@ARs + D+ AR,s |

_ R,
h, =
27 AR A R,5% + (AR, + ARy + A1Ry)s +

1Fi(5)

b = astr aegs v ) )

B _ (A2R2+A1R1+A1R5)
Where, T = \/A;R,A;R, and { = 2\JA1R1A3R; >1
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Response of Non- interacting system with Step input
For same time constant and different time constant

Response of Interacting system with Step input

Prepared by: Soumen Panda
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Review of Second order system:
Examples:

1. U tube manometer

Ldh 4uldh 1

2g dt?2 ~ pgR?dt ~ 2pg

2dzh+2 b= kyap
Cap T th=he

2. Damped vibrator

Prepared by: Soumen Panda
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Definition:

Any system that can be represented by a second order differential equation is a second order
system.

General form of second order system:

dz ' dv'
a dt{ bd—yt+cy' = df'(b)
a\d?y'  (b\dy' dy ,
@)ty =0)ro
dz l; dv'
Td;+irl+y—@f@
72 lszfl(s) —sy'(0) — y ( ) +20t[sy(s) — ¥'(0)] + ¥(s) = k£ (s)
y(s) k, —6(s)

f(s) T2s2+2{ts+1

Cis damping factor
Response of Second order system:

Step response:

B k, _
y(s) = 22+2(Ts+1f()
if f() =B
k B
y(s) = .

1252 +2{1s + 15

23
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_ ky,/T? B
y(s) == T
st+2{s/t+1/t°s
3 k,/t? B
¥(s) = —= =
(s—=p)(s—q)s
Where, p = —§+—“<i_1, q= —%——V(i_l

Case 1: { > 1, Over damped system,roots are complex and positive

2_1 2_1
Y'(t)=1—e"(t/f<cosh ZT t+ ¢ sinh (r t)

N

Case 2: { = 1, Crtically damped system,roots are real and equal

Y(&) =1—e 1+t

Case 3: { < 1,under damped system,roots are complex and negetive

Derivation of response of second order system with step input:

ky/T? B
s—p)E—qs

y(s) =

Case 1: { > 1, Over damped system,roots are complex and positive

24
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ky,/T? B
(s+a)(s+b)s

y(s) =

Let,%zw, a=-p, b=—q

a=w({—wy{*—-1, b=w{+wy{?—-1
Therefore,
wk, B
(s+a)(s+b)s

y(s) =

_ K [ be_“t—ae_bt]
s(s+a)(s+b)  ab b-a

ab=w({ - -1) ((+V 1) =w2@ -+ 1) = w?

Note: Laplace transform of

Taking Laplace transform

y(t)z_wzkv31 w({ + T D)e AT (g - TFoT)e ()
v N RN

(¢ + =D T (- N >]

1-

y(t) = kpB

24/0% —
y(©)
(e—W(t (ew(‘/{z__l)t - e_w(‘/{z__l)t) - \/527—18_‘”“ (ew(m)t + e_w( {2_1)t)
= k,B |1 - T
Ok e‘W“{ZCSinh W(\/ﬁ)t +2./¢2 — 1cosh W(\/ﬁ)t}
y(t) =kpB|1—

2 (2_

y(t) = kyB |1 - e-Wft{

\/Lsinh w (\/ﬁ) t+ cosh w (\/ﬁ) t}

25
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. e?— e+e
Note:sinh a = > cosha = >

Case 2: { = 1, Crtically damped system,roots are real and equal

_ ky/T? B
y(s) == >—
s+ 2{s/t+1/1%s
5(s) = w?k, B
yAs)= (s+w)?s
w?k,B

Y() = —F— (1 - e™ —we ™)

y(t) =k,B(1 — et —we™)

Case 3: { < 1,under damped system,roots are complex and negetive

ky/T? B
s—pP)E—qs

y(s) =

Let,%=w, a=-p, b=—q

a=w{—wiy1-7{? b=w(+wi\/1—7(2

Therefore,
5(s) w?k, B
YRS = (s+a)(s+b)s
. K _ K be at—_gebt
Note: Laplace transform of propey e E[ — T]

ab=w?({—if1-32) (¢ +if1- ) =w?(§* - (-D)(A - §%) = w?

Prepared by: Soumen Panda
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b-a=w((+iJ1-3)-w(¢-i/1-7%) = 2wiy/1- ¢

Taking Laplace transform

wlhpB | w(l+if1-¢P)e™ (VI=2) (g — 1T = g2)e (/10

y(t)z w2 W((_l_l/l_ZZ)_W(Z_l/l_(z)
[ et (ML) - o) o T gEemwte () 4 (7))
y(t) =k,B|1- _
2i/1 -2
e‘Wct{(Zi)Z sinw(\/l——iz)t + i(Z)\/l——(Zcosw(\/l——(Z)t}
y(t) =k,B|1—

20/1-¢2
%smw (T=8) e+ o (JI=2)1f

—e”la eldye—la

, cosa= 5

Note: sina =

p cosA + qsin A = rsin(4 + 0) ,where, r=+p%+q? 0 = tan

=—1§__(2,q= 1,thenr = \/p?2 +q? =

Here,

Therefore,

1—e W<t

y(t) = kpB 7

Jll_i{zsm {W (Vi=a)e+ ran Jl——@}]

1—e WSt ! sin 1-¢ t+ tan™! 1-¢
J1 =22 ¢ ¢

and Phase Lag = tan 7

y(t) = k,B

Angular Frequency =

~

Prepared by: Soumen Panda
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Response of second order system with impulse and sinousoidal input:

See Book Coughnaowr Page 98, 99 and 100

Prepared by: Soumen Panda
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Response analysis of second order system when system experienced step input (Under damped

system):
I

e L
-
w IR S T A, A N o NS =
s K A
=
4
£

X ¥

tcl tc3 Tlme

Overshoot: How much response exceeds the ultimate value (a/f)

74
Overshoot (a/B) = exp <_ 1—_52>

Decay Ratio:ratio of the two successive peaks ()

2n¢

(Y
Decay Ratio (—) = exp <——
a /1—¢2

> = (Overshoot)?

Rise time: Time required for the response to first reach its ultimate value.

Prepared by: Soumen Panda
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Vs

2
Angular Frequency (w) = ZT
w o
Cyclic Frequency (f) = i 62—

-1
2-1
74
L 2n¢
G

Period of Oscillation (T) =

| =

Natural Period of Oscillation : Period of Oscillationat (=0

Response analysis of second order system when system experienced step input:

Prepared by: Soumen Panda
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?.IJ 1 I 1 1 | 1 1 | 1 1 I 1
L3
_ i
gi.n \__
(1 R
(RRP
M M T R T M T M
[ n ’n an dn
ik b S rad

Transportation Lag

31
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Block Diagram:

X,
.|.
+ Y =X1+X2-X3
Xi Y
X3
X,
X. + + Y Y = (X1 - X2)+ X3
+
X3
Xi—s| g ——Y Y = GX1
X]_ — Gl —— GZ — Y Y = G]_GzXl

Prepared by: Soumen Panda
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Y Y= G]_X]_ - GzXz

G

Develop Transfer function of the above block diagram:

Y(s) = GeGrGp(X — Yy)
Y(S) = GCGFGP(X - GMY)
Y(S)(GcGFGPGM + 1) = GCGFGPX

Y(s) GcGrGp
X(s)  (GcGrpGpGy +1)

= G(s)

(GcGrGpGy +1) =0, is called Characterustic equation
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Develop transfer function for the above block diagram:

Determination of Y(s) is difficult in direct method, so we determine the Y(s) value once omitting
d(s) and then omitting X(s)

Omitting d(s): i.e. d(s)=0

Gwm

Develop Transfer function of the block diagram:

GeGrGp
(GoGrGpGy + 1)

Y(s) = X(s)

Omitting X(s): i.e. X(s)=0
34
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Develop Transfer function of the block diagram:

G4Gp

V) = GetrGrGy 7D

When, X(s) and d(s) are not equal to zero,

GoGrGp G4Gp

Y(s) = X
&) = GGG 7D T GGG 7 1)

d(s)

When d(s) = 0 (No disturbance in the system)

GoGrGp
(GcGrGpGy + 1)

Y(s) = X(s)

This type of problem called regulatory problem Regulatory problem

When X(s) = 0 (No change in set point in the system)

G,Gp

Y(s) =
) = GetrGrr ¥ D

d(s)

35
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This type of problem called servo problem Regulatory problem

Transient response:
Variation of system response with time before reaching steady state is called transient response.

Aim: To find variation of desired output of a system with time when system is experienced an
external disturbance or a change in set point.

d — Gd

36
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Response of above system in Laplace domain can be expressed as following

GoGrGp G4Gp

Y(s) = X(s) +
) = G066 7D T GGG 7 1)

d(s)

Response of the system can be found using following steps

Step 1.Knowing values of G¢, Gg, Gp, Gm, Gg, X and d we can find Y(s) servo or regulatory
problem.

Step 2. Take inverse Laplace of Y(s) to get Y (t), response in time domain. Find initial and final
value of response with the substitution of t >0 and t > oo, respectively in the expression of Y(t).

Alternate Step 2. Find initial and final value directly from Y(s) with the application of initial and
final value theorem.

Example:
Gec=K; Gu=1; Ge=1; Gy =1/A; GP = A/(xs+1)
Case 1:

Let us assume X(s) 1/s (step response) and d = 0 (regulatory problem)

Therefore,
A
v(s) = —GeGrGe o W (Gm) 1 ka1
T (GoGpGpGyy + 1 B A s [ts+1+KA]s
( CHFTRTM ) [K(l) ((‘L’s+1)) (1)+1] [ ]
Final value:

Apply final value theorem
Y(t » o) =sY(s)(s - 0)

KA

Y(t ==
(&= ) S[TS+1+KA]S

(s > 0)

37
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KA
1+ KA

Y(t - ) =

Offset = value of set point in time domain — Value of response Y (t-> )

KA 1
1+KA  1+KA

Offset=1 —

Offset is defined as the amount of deviation ofultimate response from the expected value. Here,

expected ultimate response of the system is 1 and ultimate response of the system is % :
Initial value:
Apply initial value theorem
Y(t - 0)=sY(s) (s » x)
Y(t—0) K4
- - S§—— — 00
S[TS+1+KA]S (s )
KA/s
T+ 1/s+ KA/s
Case 2:
Let us assume d(s) 1/s (step response) and X(s) = 0 (Servo problem)
A
( ) Gde d( ) (1/A) ((‘L’S+1)) 1 1 1
S) = S) = —_ = —
GcGrGpGy + 1 A s |ts+1+KA]|s
( CHFTRTM ) [K(l) ((TS+1)) (1) + 1] [ ]
Final value:

Apply final value theorem
Y(t - o) =5sY(s) (s = 0)

1

Y(t —s———— =
(&= ) S[TS+1+KA]S

(s > 0)
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1
1+ KA

Y(t - ) =

Offset = 0 — Value of response Y (t>x)

1 1

1+KA 1+KA

Offset =0 —

Offset is defined as the amount of deviation of ultimate response from the expected value. Here,

expected ultimate response of the system is 0 and ultimate response of the system is ﬁ :

Initial value:
Apply initial value theorem

Y(t - 0)=sY(s) (s > x)

Yt-0)=s (s = )

[ts + 1+ KA]s
1/s

Y = =
=0 T+ 1/s+ KA/s 0

Transient response of a real system:

Stirred tank heater:

o 7

steam condensate

39
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Apply energy balance:

At any time t, Q+ FpC(T; = T) = pCV -

At steady state, Qs + FpC(Tis — Ts) = pCV dTS

In deviation form

dr’

Q"+ FpC(Ty' = T") = pCV ——

Where,Q' =Q —Qsand T/ =T; —Tisand T' =T — Ty

Apply Laplace transform in both side and substitute 7' = 0, we get

T(s)( s+1)—%+T
T() = 55 0O + ey 1)

%4
Where, 7 = =
F
We can write above expression as

T(s) = GpQ(s) + GaGpTi(s)  (open loop)

Where, Gp = 1(/ (Fff)) and G, = FpC

Response in closed loop system:

Load TF
T—

Controll FCE Q

er
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We can write the above system as following

Gy

Here, Y(s) = GpYp(s)+ G4Gpd(s)

GoGrGp G,Gp

T(s) = Ta(s) +
&) = GGG 1) *S Y GGGy ¥ D

Ti(s)

Ultimate response can be found for servo and regulatory problem for different value of G¢

G, = K — proportional controller

1
Gc=K (1 + ;) — proportional integral controller
I

1
Gc=K (1 + s + TDS) — proportional integral derivative controller
I

1/(FpC)

Here, Gp = (st D)

and G; = FpC

Assume, Gy =1,Ge=1

Prepared by: Soumen Panda
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Servo Problem:
No change in disturbance (Ti’=

Response for Proportional — Integral controller (P1)

Therefore,
v(s) = —GcGrGe K+Ho(Es) 1
R [T e
_ KA(t;s +1) 1
T [us(rs+ 1) + KA(ts + 1] s
Final value:

Apply final value theorem

Y(t - ) =sY(s)(s = 0)

v _ KA(t;s +1) 0
=) = s s D+ Kacs+ s 9
Y K4 _4
(t =) =77

Offset = value of set point in time domain — Value of response Y (t-> )
Offset=1-1=0

Offset is defined as the amount of deviation ofultimate response from the expected value. Here,
expected ultimate response of the system is 1 and ultimate response of the system is —A

+KA '
Regulatory problem:
No change in point of vessel temperature (T g = 0)
Response for PI controller
G4Gp (1/4) ( ) 1 7,8 1

(s) = d(s) =

(GeGrGpGy + 1)

e (1+50) O (&

) (1) + 1] " [rs(ts+ 1) + KAl s
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Prepared by: Soumen Panda



Department of Chemical Engineering
BMS College of Engineering
Process Control Engineering

Final value:
Apply final value theorem
Y(t » o) =sY(s) (s> 0)

;S
[1;s(zs +1) + KA] s

Y(t > o) =s (s—>0)

Y(t > o) =0
Offset = 0 — Value of response Y (t-> )

Offset=0—-0=0

Prepared by: Soumen Panda
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Controller and Final control element

120V 120V 20 psig air
Transducer Computer / I_»Ccnm;ener‘_r
Controller

- 4-20 mA 4-20 mA

—— - -
[————fe— Set point
T\ temp.

Gain = 3-15 psig
( )
=
Valve

Set point | F r'd
LIZG \' I \

Hot process

stream
( Heat exchanger
N
- | | -—Cold process
7 \; stream
Temperature
measuring =
unit
(thermocouple)

Transducer: Takes Input as temperature and provide output as current

Controller recorder: Takes Input as current and provide output as current

Converter: Takes Input as current and provide output pressure

Control valve: Takes Input as air pressure and provide output as flow rate

Note: In the control system an external power of 120 V is needed to run each component like

transducer, controller and converter. A source of 20 psig is needed for the converter.

44
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Controller: Controller may thought of as a device that receives the error signal and provide
corrective instruction to the final control element as output of it.

Final Control Element: The final control element may be regarded as a device that produces
corrective action on the process. The corrective action is regarded as mathematically related to
the output signal from the controller.

Types of Controller:

1. Proportional Controller
2. Proportional — Integral Controller
3. Proportional — Integral — Derivative Controller

Proportional Controller: The proportional controller produces an output signal that is
proportional to the error (¢).

This action may be expressed as
P =Ke+ P
P = Output signal from controller, psig or mA
K = Gain or sensitivity
€ = error = set point — measured variable
Ps = Output signal of the controller when error is zero

Ps can be adjusted to obtain the required output signal when the control system is at its steady
state and error is zero.

At steady state P = Pg
Therefore,
P'=P—P, =Ke
Taking Laplace transform
P(s) = Ké(s)
@
€(s)

In proportional controller instead of Gain proportional Band is used

= K, Where K is called proportional gain

45
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Proportional Band (Pb): The error required to move valve from fully close to fully open. This is
expressed in percentage.

Let a controller can control range of a parameter is R, but the parameter can vary only P unit
when the valve move from fully close to fully open.

Therefore, Proportional Band = g x 100 %

Example:

A pneumatic proportional controller is used to control temperature within the range of 60 to 100
9C. The controller is adjusted so that the output pressure goes from 3 psi to 15 psi (Valve move
fully close to fully open) as the measured temperature goes from 71 to 75 °C with the set point
held constant. Find the Gain and Proportional Band.

75 -71
1 e 0fy — 0,
Proportional Band 100 =60 X 100% = 10%
Proportional Gain = ———— = 3 psig/°C
roportional Gain = —=——2 = psig/

Now assume that the proportional band of the controller is changed to 75%. Find gain and
temperature change necessary to cause a valve to go fully open to close.

As Pb is 75%, so temperature can vary up to (100-60)x0.75 = 30 °C when valve go fully open to
fully close.

30

Proportional Gain = = 0.4 psig/°C

1
Proportional Band

Therefore, Proportional Gain «

ON — OFF Controller: This is a special type of proportional controller.

If Gain K of the proportional controller is very high, the valve will move from one extreme
position to other when controller experienced very small error. This very sensitive action is
called On — OFF action, because the valve is either open or close i.e valve acts like a switch.

The band width of an ON — OFF controller is approximately zero.

46
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Proportional — Integral control:

This mode of controller is described by the relationship
K t
P=Ke+—f edt + P
Ty 0

Where, 7; = Integral time, min

To visualize the response of this controller, consider the response to a unit step change in error.
e=1

Therefore,

K
Pt)=K+—t+ P
T

P changes suddenly by K amount and then changes linearly with time at a rate of TE
1

Apply Laplace transform to get Transfer function

PO _e(1+1)

%_ T

— is called reset time
Ty

Prepared by: Soumen Panda
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Proportional — Derivative Controller:

This mode of controller is described by the relationship
P=Ke+K de +P,
= K€ Tp dt S

Where, 7, = Derivative time, min
To visualize the response of this controller, consider the response top-=a linear change in error.
€ =At

Therefore,
P(t) = AKt + AKtp + P,

The effect of derivative action in this case is to anticipate the linear change in error by adding
additional output AK 7, to the proportional action.

Derivative
alone

~Proportional alone

Apply Laplace transform to get Transfer function

P(s)
% = K(l + TDS)

Proportional — Integral — Derivative Controller:

This mode of controller is described by the relationship

Prepared by: Soumen Panda
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P=K +Kft dt + K de-l—P
7 o ILFTRRE

Similarly we get Transfer function
P(s) 1

% B TS

Motivation of addition of Integral and Derivative control mode:

Use of only proportional controller we get non zero offset that is not expected. PI controller has

the ability to make offset zero. Though PI controller provides zero offset, it produces an
oscillatory behavior.

Use of PID controller arrests rise of control variable more quickly and return rapidly to the
original value with little or no oscillation.

Note: If some offset is tolerable proportional action would likely be selected. If no offset were
tolerable, integral action would be added. If excessive oscillation needs to be eliminated,
derivative action might me added.

Prepared by: Soumen Panda

49



Staboi iy

For @ bounded input (Step, Pulse | Alnusoidal) 1§ A Ay stem.
Beodicees bound owtpul - Tke:n_ Has A\y/yl—gm s colled Akl

- Aybtew -
b L_

staboility Cowd LTews:

s N (s
Ry . G T ’65
T G
_ Glew 4 D=l (S
7’(6) i f+G\ot. ($) \+€-LDI:_J CS> 2
s a s
N\ £) )((5) 4+ N (¢
) = PR D, 8)

A e
0-‘3_4

N L) —
Ak A C,s-;a) o) (A-F) (SR )

Tocke tmvense 0{ lophace -

> /S’P‘ AS—Py i A A -

hers tibeo  RLCR, PR (B QRS ane PosiVive (R any veds
deey oy = (unbe umd) B
vf =6 P}_}pz ,?"2_ pj e MﬂeHVC A
v —> fmite s Chpuna )
So; wols of L Clharaetesstic =guokion ™AL Le magetive:
W g B a8 T sels URels)



Routh huywitz Ceitexien
Exprekd Clhasmeteiitic efuation in efms of poly nowdal -efuatn
0, S+ a, &+ @, M- @=L
Test 1!
est 2

Tf alL {ai} L= 1 ten A @ TVO ge) F@Tte/a‘tél'
OWYN/}&& /syfg-'tem o pnstable

Test 2% Comatruet Routt - B i1 afdy/
el e
Column 1 DWW Goluwan 3 _a,a- Q- O3
Y a TR
K, Ao Xy 4 :
- AP s
) = a‘ Ql‘i 0
.. W & W T e
d= i
( (=
A Ay Ry” A7
3 _ )
‘2?) \ A\ A)’ A3 /_‘;T/
- Ry AL
R B 63 e . BOE S
Ry « & 2 \ A
s 4
g ' .
B Ny N1 ?
f

8

—
e

~ "X -Ve Fhen
* T mny elewent ‘o At HvAL coluvawn LA
‘oo Apstem A wns odols

A The Muwvagen c;{» /(‘\an‘ Cha _ (YL o .f-i"r,gt Coluuvan._ Z/S
Aame ab Number of o +ve ooty of s o huabaeteishe z?wth‘ém-
L imitation 1.

-—

Tt &4 valid ouly if Hee Chatactestie e{u@h“m 7 ml?ﬂbﬂf
2-€Tf My oelficient of +ae cpmnctesislic —epuakan 4 Complex
o1 Coutaln DOWe 1 of \@'.X/))’/'ﬁiiﬁ sl ldn canNOE pe applied

3 Sy temn Contaurre, Ty avi povtatio ,Mé{ Can_not beapplied
WA Inforwmaben aioud

B P
8 yee ][ oy % osplute K%ﬁlo'il{-ly of A%tem
o ,
g It 8[\/% in. /Siﬂl:),’ It"‘}/t

not
maken abouk kow many Touts are s RES of s plane. veluesof e vootg &
N et availabhle - A\Re Cavn- mot {

diAHMGuish petween Yeal X Cevaplaxt Tb?ti )



Reet kocus

T Coprtwrok Hheory and Ability Theory goot Locud ocnadugai/s
A a g’mfédcwﬁ wetthiod for e'xmiwtv\% how iz ToOtA
o - c,mm_caa witie vardalen of o cwtwin )ij%m

of a A4
28 Aﬂ'{ﬁm'

Ruwometen, Comwmenly & Epim Witeln / feedboc

D Koot Locus (& /bywnw\e)m“i(;cul adoouk veak GXLS)
Yoots are Yral &r Ceivplet CG/WJU%OCkﬂ

) A . .

Y A5 K i incwases from 0 —> 9. cock byanch of
Yoot locus OT“L'ainﬂi% {5om open— kop piles ar K=0
and ter mun ahe “"gi s opPen-leop zero &Y 611 0O

DM = K DS

Gl D)
Charnacteristle eqn
& | 4 Gre) Hs)7 o

o NS R R
7 3y K

- DWW+ Kas)= 0
K7 @ o |[® bcs)<<KN@

K ';0/ KN (/9 ";\
DCS) = 0 - AL L
pevodd o Tz ©OF

Po> Zo et aler TUH E
yoots of clamctoustic e of clawaetedstic <™



3) A point of 4te xeak aaclh liek 64 toe oot Lok it
dte muwmber of spen Leop poles + 72705 o gual ats
do At wight of A0 peimt v odd-
| & Bres)resdE P

ongle (GO HE T x @OvDIBC

= G;CS)”HS) g
o1&y He =1 e
; )
\ ‘ {PDM> —-(SLLM 'D'f 567%
L/) rondeh B gwowﬂb’ = (bum(;vow))-(# of geves)
: i ol )1)3)_1?_%),3
LZ L+1) XISO LIO);WL'—‘,M)'HHMK’IJI

5 Byeak away POML:
The point at Which 4ws weet Lod em@&?ingr from o@/jﬂ»u'nt peles & the
ceabaxis, interdect and tHen Leave 4 yeak axih (A& called
bye A QWAY peinl -
L
g Yoy on i
rshied 45 5 5. O 5F RS & TR e e

Find Claroctoukstic 4"

Metteod 2 -
/ O )
FENOR
EApYesS At %uo\ﬁm, B ' tema O‘#
K= )

a3
Roots o S’J_’Sﬁ 8{y@ byealk awosy points



) 9 ' . 2h Wi
©) Gntersechion m[ X0t (ocud bryanches Wit Hue ?‘w@%\\wty axlk

Metlod A o
—Find QW»"MHL éq_n

ERAMPL | | & (‘:1“;L5) - O
Y4 2p ¢ e\ S tler) =6 -

Subatitute 5= dw

= - w‘%w"? nyw k@*@ = 0 -

(i D

-—

O i Jw=o 6] P
e = "”",6 + 6(/)
g 7 it y e Xl
> W ':1\]7 _—
=47t L4
~ 60
Me g 2 ! = WW‘A{—['_’ W
— g C ¢ egM -
4 L Rewtu vy
6?’ L) é Lﬂ \k\"t) 66 "/é 2 I’( - 0
LA 7 ¢
i {)j . 2 M= £0
' 66’6"*“& O
—
. ) > 6 s LK = O
" > G RE"

5 a2 btKy)

:D Au Of ML |
gle of dipnke 5

B)’ “ILFLCL( 2 evyoy - “

A )

ool (pcws Or N t

ts R = 2% 3L

Vi



SN

Yoot Locus w‘rj Maklal,

g D 05 5w

b= ("5t Pzt 2 3] ﬁ el
Syt = 5’(5/(5+3)*(s+g) K=&

VLo $y5) Sys = TPR(HEK)

W/.ﬁn cw (4p8)
(<4 (5%5) P=T1 2 3) (5-1) (G253
k= §
Ays = 2PK (2B KD
n&m = [2 © ’ )
B e selee Woass(Sys)

d@n > L) Z 3] 251_0

A9 = 4 f (”“”’/dﬁJ} P UVQCTL"M(}A%’Q’O
! /}L
Vhocs () s{’%{ﬁ e o> (7 )
Ly 18
! - 5
num = [2) mdb(\r"u
den. = [t =2 3)
i
Ays = tf (um, dep) } %28 +3
Telocuan(14ys )
w/_‘ : s ke (pum, den)

sy =8 mtfr(ws)‘/)

b - ¢xex U5

[ tem? ‘\"} Jéml’)

Mh‘:\,'



o A Frequency Kesponal AEE U:M

-

e U5 somuso tdak ke L A Anasotdak

The outpuk of a 8y4
mpul (5 opplied to ot
Tnphls = ASIN (WE
pwcpnl = Kﬁn&wt+@

Ap Amplitude raho EAR) = _E_

phase by = ¢

Fmd 4R £ ¢ fer diftsant —+roonsfer fanchao -

| Swbgitute juw  smdsfor 5 TGO
1 express Gi(dw) imtcamS of a-+ib

3 AR = \aapr , ¢° Jari ' ()
=) 4) = K. | : KK
G ($)= =a 7 G W = ZFTJPT'
(ti,jw*‘) (@jwa—\ CPVW"V‘“ 54
e T @_J - K,‘frw
) G
v =1l —
AR = Ihaad | 47 ( %)
(cf,”w’yuﬂjv
AR = _Ke - \
“<p /,EE/’—'/
Sv+lff,‘5§“f] \{("_prwV)V+ (f)"q:,‘-ﬁb\?)‘y



> GeD= 5, GUR)T i
AR:: O/V»i'NV = i)
b = St =9 ° foor (o) = 70°

L, GaW T Fa T W

?&Cﬁ)f ‘
-\ (v (7 6

g - k() =M R ok () = 90"

> Gey) = KR Ko
A=\ CP'; 0"

S5 o) = x)

aR = 11
g = fan ' (W)

AR = (AR} %(AR)X (AR)™

(f‘: (ﬁ'+¢l+¢3‘i’“



@
FT(/iM ncey Qe&,’){)’h/)é A«/Lal-y/yré

pm—

™M = 20 Lga AR

Find M 2# for W <<J— M,@fd\tyémd\/muw
) 7._L or YUY WW

@ i, 2R ornen fregency

I+ G¢s)= 5
coeie_
AR = W A{’”@HO'I 10 20 Ao/t
Mo |- 0

m = QOQ AR

= 2olig

- 10
T - ma =N
2G(5) = % poei| 1o Rodulds




boog-pr15 1)

R = \/;T\ |
¢; ’MYT" (%)
- 20 leg (\/’,%’VF)

‘ 2 I

i g 6 ¢ v ¥ B 5

AL = QHL). x@i)))’ A/P\ = @R) ‘X‘Lﬁpiz/

R HWXW =
e
o qg-f/‘ &¢I+¢Q/
(/‘t - ¢I "f’ ¢)/ i ,~q0’3'f—-‘?0ﬂ
- 0+ q0 - —Uge'
= ‘éoo ' _

M= Op (ag AR g > 2okeg
; ,@0%7,& ==L
4% ] > ! ‘l,(jﬂﬂr\?w
= R0ofeq i

i

g AL



- ©®

Bode Plot
Rt .

A Bode pdot LA JL‘ useduh took X Slowes the acu'm and phase

sedpense of & gﬁven Agtew frequencies

poiplat D5 AR WS W, PAEW
b
(s (14 35)
- /___-________
i w 5+ 4)@.@“—
) o q u)
Finol ongle " <# poles, — Foeves)x €9°
= La—i)x(—‘?cf‘)
= -130°
6 S atpstic <"
{4y ¢5) B % .
g5 = ;)#6,2.06
r ..-')
Gain = 146 e
. ) - 1
plase ! { 61(5)
¢ ] ~ 2 ‘QOO /DMAQ,

.L‘( (XY\’J {qf7
the closed (o0p /S;%tem s

et be Lot W
phase 7 —=igo

G < 1

I



Ziglon Nicheols funing

TR TR e
siepq: Find AR £ ¢ ef the bpsew
Step2° Find Cross vt Fr&?uzmj C(A’)ci)

W,o = frequency at whicly cf s —180° -

e =i
otep 3 Find AR at W= W , ot W= Gy , AR

- g
Ki = A B‘%;

K =) UL fimate ﬁOU—YL
it = ULk W\tlfé Pﬂuad ’D'f’ Lustaaned cychind
:

Sler 4! Find Coutroler P
’ from = fellow V¥ WU

b= 1 =

£ rawmple i ,.-fL—"’*'T 7 Owm = TCT‘S";\ A _a;
FMpll gy = DG w
e - &,

¢ = +an (»EN) ++awf’( 2w)+4an (’ICw)

A — 4 v
e + Ser TEL
WAR hﬁ PER leg Ve % L? J 3
¢J &= L’ —3 IO(’O(‘;!
S, + LWeo +IC
6_ o T AW, f'”""‘j( ‘/”‘Dlu

E =1 : 12

|- low,r~2003" — SOLLY

Find W
S———————7




3
50y + QW+ 10 W, — 100 W, =0

_? ,qw ,/0—0&0 =

= |7 - 100 03, =

(Y — 1T = 017
7)) W F o

> W= \ond

Weo = 04123 wadfuy

i A #
/ \f/:;v_ \]z,w 1 \igow

- e . \ SR et
2 W o——seremma ¢ IS )

= 00794 = A

| - :
K, & o R 6
po AL = 15339 Wi /Eyels.
n W,

Now, frvowm Aabls
o l’?\—‘é <63

Pryopertioual tlemtvollen ) Ke 7]
Ao = 045 x|ub =67 F
B = 15A% _ jaga win

16

AT S A

PT (owlrslles !

PID Cowtroller'. K,
; IS‘?)%/?") o F 5 i
Gy = 15297 = €T Mun-
g
Erample * , ~1026
Shisas A, Gyl G = e

"
Ls AR = |
573X | ¢ 57‘3‘(”02)4)
b, 2 ~180° = —kan '(w@) ~ §7.0x1:00 (e,
7 b= 2 wadfwin  AR| A=

K= 224 ) pu= 2T = guiq2 sdmen- i



W2 =0

5y + 200, + 10 Wy, — 100
Y
7 1Ty, —100K, = C
,'V’__
L)Y = ﬁ = 0"?
7/) Weo = joo

'_;‘) (/"Co’; O[:}
Wee = 04123 vadfuy,

AR/ T "'—J—_"_ X J\»—-k X #
o T G Voo

N — e 8 & [
[25x0 1F+| W \[7zoxo it

= 00794 = A

| Ku: «Z‘—\- = ‘2:6
p= AL — 154239 WW/gel
n Wp
NO!D, \fmw Aably -
L&”—é :6'3

P~o Poﬂ-f@wd (omkvollen ¢ 1K, = 7
[Ae = 048 x|ub =67 7

K

PT (ownlyslles ‘

PID Cowtroller ' k, = 06 R T
R = 15239 _ 7 & WIn
2
Ty = 165259 — |9 min-

= e

e

> AR = | ,
573 g = - 5310V

N 2 —180° = o (W) ~ §7.3%1:00 e,
=7 W, = 2,md/wﬁm g AR]N:A = il.'i\l
K= 224 pu= 27 = 342 vadbwin win
Wee . yers.



Contso Llen ’Ta—n_%

Process teactHenw cuwrwe metiod
Ly  (Dhen * Coon-

W’ #
f /h . . ) \ N .
e YAPENLL o§ wost pro ce/smr% unieX to ane At

mped CMYL(CI&, Ihave o /S‘i?W\Q(-:LLLL Sho-pl -
)a'ymae,f«éd bf

* The wespeni< Can be adw:zwai«.] 0)7DP 7O
o deal Hine

e esponse of oo Fivkt- ovden Apstem Wi
Ste 7 '
,tff-.i - Loop o pended \:7' o ;‘bcgw\gghi\% Conbrollen frewm FCE:

Step 2 7 Introdues Atep imput in- €€ = A

?_i_f'f} ' Recerd Vvalut of sutpul ¥mtH)
Ny vg t LA ealled
ﬂi"‘ PﬂO‘{' [{) vAes t e )Xr, ('t)(i 4 s a égjmc.zw&cbﬁv’é,
| i coowe (PRS)
P/{OCM Jpactrén L 0 tiwr

. 17 )
e A Of fm’/st Emic/zfﬁww-{;é@k@? :

ff_%f__gl Expryess ewwe i

Lo
]l)l\'r)(; t ! K/ -Z
—-@6
. (S) = )’w\(s) - K ¢
R L
'H with pwihal ’)LCP&,

- By
e ﬁg’ L 0.1‘ _t_——c_ )37/5(;{*»4}(}%(
frrak

1, = Hue <lapsed wunhill fue
Apatem Yespondes
Hearmate weded of fivat erder ¥ it
L(,uz_o/ Leadre Ll PCU'WMW
“)
P = Ke = J .———— | 4
;7 Tk ( e (304—3*6/1)
—C ( ‘H-,_,_) = t (q+20"t1/z)

dﬁi&& s

Step £ we Algse PO
ana. %HWQ, He Vel

11

L. PT 2 Ke
3 spretife, ¢ = A
e PpidD K= K (3 %) L t“(Tm;EFL O aotafe



it dw‘ﬁ“” using di ffoent penfermmee cuteda
ghnhﬁ of Hee Coutrelles A E

Q1. nat Vpe o-_-f feed back caontrollen /g{iww Le uied +o Centrok
o ﬁZVéT}, P cesh {
> P »  offget (n acciprable

- WO 0 Fhoet dupivable R mere avtk Lliset ?&ﬁ&'rﬁ Lime

PT

M@W& -
PED= PD 2 offset U aecplelc but A
de s Fya o\l ey
st AT tome ¥

@2‘ Hew do we ABelect e best valuethd fer e c*df pstable  Plutes)

of a fudtack ontoelles ?
' CGMH&(M%AWCV\?.

8% what penfermanes cheteri loutd we ust fer toe feleckion
amd At {'dev.g of —tix Q@M{Tdu./‘)—?

pep g
= Mayd miwm JeniaRor at Amaik ab possible

= Aeldar Wtﬁ&%ﬁﬁmﬂ-
— Mivawadge 4o iydeg: e ; n
cayal o f o evror unbill ©
¥D CLA R V“M\f"j weached /ﬁ“{f_ﬁy A fgjﬁgﬁﬂf
e
 aacad desired WL fasier-

=g 9 : ’
yuum diviation LA AralleA. -




~"7 pes © I[ F /DC*)'%/WW\;UL&L Q'}"z‘iéf}c(,%u
e o R

| - Gteady Stake /D/é’/lft»/r maner CUfeSuo—
o+ DY nanwdC TehPEnE- Perfermanes- crlieria
\~ The P incipal /S'Léd\o)‘;o Atale per;"@»rw\acm EHL LEFU BN M(Ad[bl L Zere
eyver at Ateady A1LE

PT o #%w0e¥Ter
P ?@K._)w/ iﬁ,ffﬂﬂ’K’JW'

. DV NAWMUC p Hesponse Pz@fwnmmz cutesUo-
o Crifetia uses Md)' fewo pointt o Hw yespsi~
— ApprenLmals -

b. citeia wies enhne elose oop wesporse ferr C‘Wb@h’”'
‘ \/thprmci,sé-‘\ !
(Time m’réafmk pov forx pMA nee Lwéefwt)

K &) pind mum axer Sl
i) Mdniwan £etilong Hne
W) plnemened Ause fmt
D Jyh dueay vadio (WAL popub)

Exoangle ! (8 +\) o
—— (O = abae v s
e - Quaktesr YLhe AR R )

se
yalio
;Aﬁ;"i’?— - £%) (&S "S = 4 _,_—_C:‘:-—-—-(H'KPK.)
e — 2 Vel K
G e P

L B

decy yahd = € (
£ * \Vi=s”
= s | s l‘\'KPKC)
7 exp e d e ¢ =3
- Vv
| - 4 ,__,:I-—— CH—KPKc
‘ 4 GRekKe

9 -2 W (crerkDd = AL
) TR ve - & O KeR)”

Sele el Qifferont veluss of- Ke 2. ?@t Coyresfen
Kc,ﬁl kg':lb Kc"—'-:‘BO '%C.T_Ia,t
Tr =083 G T 04l G =0'348 7, =853 |
: 16



t/
Time- Indegarak ye'r]ﬂmmanm lutero

) iﬂ{@ﬁ%’a{ of 4 fgcm&a earor (TSE)
IT8E = /ﬁt) at

% : TAE)
of te cY7EY (2
i) TT\J@%'YaL of +te Daéd/&clw\»e voluee

TREYE f[@&)l at
| o e~vvor (T TAE)

- ) alted oo Aolk
W) Tntegqval of e HVV‘@"WUJ&{

TTAE = ﬁ |e®) At

g=" 0 TV ) g, LTl

i il st BRE e &g
A arane 184

ewkvolleA— P e

evvor, LS
# Tf po womt to strevgly buprret 2 —— BN

: .-f—fA Q. ; ’m-L '
Contyibute meye o Fte el ol ‘M?
o DLy VB, LA e

X Fer e Ao 7‘?&5%03& o TmbiAS (o)) ’f{d*/’

—flav TSE |, bectht (W G-
Becovnr 2vem /m\ﬂ»w‘c) "
persist fer Qg o TTAE

X T fupprves SO I oonmas of g2t
;@& petler fesSuAt becase T PV yors in to-
oumplifies e zﬁz’c* of afé’f‘f/gw i

valus o f 4o (nteprels




Step £

N MM&An(ﬁM o/

Sl A. Express A}%{em ﬁéj/b@m,é.
tavidyolles Wm by c-(-eakmwwg o e e W%
e Gy G Gla aes)
%es) = G _F ) ¢ iz
TS it GGt
S MBS o
TS | y (8D + )S“\'
s - A1 sr TI »)—T' i & Z()K
D =G gyt (v 20k0)° ;ekf ( ;
20K,
kes faoke) 5 g9
’"C/f,f,\»/’ YP(5) .3 /ra‘ar/{:szg +
)‘@)” TELEL
- e B U T Rt KQ
= =3 ’ ﬁ il i ZOK(,

by \ : .QJ E
Jn&tea@ @f Ww«g deyivative WTL Ke . Cp we Cen e

derivabive Wt C ,82“§
=

9&6{’2 Fnd ¢ o7 #4
¥, (8) 6 J () or be

;xmww G@@ﬂgﬁ m

7

Step3 - Fimd e ¢ = Y g

sefs! Find  TSE/ THE or TTAE
gbcp & minimig TEE, THE @y TTHF

e\ ~ tret 4o 24 Kolve
@ (l§6> w e D) L&%ﬂjmci < R @?}wmﬁnd-

) Ke A Tp
/a L4 b (B\f as KL»QT’I é’“"éhd‘f\
r WDCQ/?”/—Cr%) G b e
ey DT T A6 "= \[Cz
£) QTS 20 Ke
e sacopu 1 5 C N
(2[ 'Z éiil{%ﬂ,‘.wg



